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Abstract 
This report considers the variety of waves that could propagate in a simple model of the 
passive cochlea, and the properties of these waves. It is conventionally assumed that it is the 
response of only a single, slow, wave that gives rise to the main properties of the cochlea, in 
mapping different excitation frequencies to different positions along it. The properties of this 
slow wave can be derived from an analysis of a locally reacting basilar membrane with 1D 
fluid coupling. By deriving more general dispersion equations, it is shown that further waves 
are generated by either including 3D fluid coupling or longitudinal coupling along the basilar 
membrane, although in general these waves cannot propagate. 
The results from a finite element analysis of the cochlea are then decomposed into individual 
wave components using the wave finite element method. This reveals a large number of 
waves, most of which decay away very rapidly along the cochlea. The only place where the 
response to excitation at the stapes is not well described by a single wave, however, is just 
past the peak velocity response. In this case a number of other modes are locally excited in 
order to satisfy the boundary conditions, but they do not significantly affect the main features 
of the response in this passive case. 
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1. Introduction 
The cochlea is a complicated organ with considerable geometric and structural complexity. 
One of its most important functions is the mapping of different frequencies to a peak response 
at different longitudinal positions along its length. This process is commonly described in 
terms of the propagation of a single wave along the cochlea, generated by the interaction 
between the inertia of the fluid in the chambers and the local basilar membrane, BM, dynamics. 
The speed of this wave is relatively high at the base of the cochlea, where it is excited by the 
middle ear, but slows down as it propagates towards the apex and stalls when its velocity drops 
significantly at a frequency-dependent position, determined by the distribution of BM mass 
and stiffness along the cochlea. 
Section 2 of this report summarises the conventional theory of wave propagation along the 
cochlea with one dimensional, 1D, coupling. It is then shown how additional forms of 
longitudinal coupling, over and above that due to the far field component of the fluid coupling, 
give rise to additional wave types. Specific examples will be described in Sections 3 and 4 of 
additional waves due to either an approximation to three dimensional, 3D, fluid coupling that 
includes near field components, or due to longitudinal BM coupling. This study uses relatively 
simple analytical models to derive dispersion equations that can be solved to give the 
distribution of wavenumbers for the different waves along the cochlea. In order to illustrate the 
results, a simple box model of the fluid coupling is assumed, as shown in Figure 1.1 together 
with a passive, single degree of freedom, model for the BM.  
 
Figure 1.1  Box model of the cochlea. 
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The extra waves due to the additional forms of longitudinal coupling are generally heavily 
attenuated as they propagate along the cochlea. In general the wavenumbers are complex and 
so the disturbances they describe will have longitudinal changes in both phase and magnitude. 
It is thus difficult to distinguish between “waves” that predominantly propagate and “near 
fields” that predominantly decay and so all such disturbances will be referred to as waves in 
this report. It is not, however, clear from this dispersion analysis the extent to which these 
additional waves are excited when the cochlea is driven at its base by the middle ear. 
The wave finite element, WFE, method is then used to calculate the characteristics of all the 
wave components that are represented in a finite element model of the cochlea. This method 
is used to decompose the response of a full finite element model of the cochlea into wave 
components, which includes 3D fluid coupling. The decomposition is first investigated using 
a locally-reacting model of the BM in Section 5, and the more complicated case including 
longitudinal coupling along the BM is then discussed in Section 6. 
Finally a simpler discrete model of the cochlea is used to calculate the modal BM velocity 
distribution along the cochlea. These velocity distributions are then compared with those 
calculated using WKB methods, with the wavenumbers that were obtained analytically. A 
potential way of estimating the wave amplitudes from these distributions is described in 
Appendix B.  
The effect of mechanical damping on the properties of the waves is discussed in Appendix E, 
and, as an aside, wave propagation along the tectorial membrane (TM), is discussed in 
Appendix D, using similar techniques to derive the dispersion equation to those used in 
Section 2. The effect of mesh size on the overall response of the BM and the properties of the 
waves is discussed in Appendix F. 
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2. Local BM Dynamics and 1D Fluid Coupling 
The simplest and most important type of wave propagation in the cochlea involves the 
interaction between the 1D component of the fluid coupling and the local BM dynamics, and is 
generally called the “slow wave”. Fluid coupling in the two chambers of the cochlea gives rise 
to a distribution of pressure difference due to BM motion (de Boer and Viergever, 1984). The 
fluid coupling can conveniently be split into two components (Elliott et al., 2011). The first 
involves the spatially-averaged pressure in each cross-section of the chambers, so that the 
pressure distribution is one dimensional, 1D, and corresponds to a far field plane wave, or to 
the long wavelength component of a wavenumber analysis. The second component involves 
the near field part of the three dimensional flow of fluid round the BM and corresponds to the 
higher order modes, or the short wavelength components of a wavenumber analysis. The effect 
of both components together will be considered in the 3D fluid coupling case in Section 3, but 
the 1D component has the most significant effect and only this will initially be considered.  
An equation for the far field fluid coupling can be derived by combining those for the 
conservation of mass and of momentum in the fluid. That for the conservation of mass is 
 
( ) ( )
,
u x v x
x h
∂
=
∂
 (2.1) 
where u(x) is the distribution of longitudinal velocity of the fluid along the cochlea, which is 
assumed uniform over each cross-section and v(x) is the distribution of transverse, upwards, 
BM velocity, both being complex quantities at a single driving frequency, ω. 
The parameter h corresponds to the physical height of the two fluid chambers if the BM 
velocity is assumed to be uniform across its width. In a more complete analysis, in which the 
BM has some prescribed distribution of velocity across its width, an equation identical to 
equation (2.1) can be derived if h is interpreted as the effective height of the fluid chamber. 
Elliott et al. (2011), for example, derive h as equal to π
2
WH/8B where W is the width of the 
cochlear partition, H is the physical height of the fluid chamber and B is the width of the BM. 
If W and H are both about 1 mm and B is about 0.3 mm, in the middle of the human cochlea, 
then h is about 4 mm. 
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Conservation of momentum is described by the equation 
 
( )
2  ( ),
p x
i u x
x
ωρ
∂
= −
∂
 (2.2) 
where ρ is the fluid density and p(x) is the distribution of the pressure difference along the 
cochlea, which is also assumed to be uniform across each cross-section of the chambers. 
By differentiating equation (2.1) with respect to x and substituting into equation (2.2), the one-
dimensional fluid coupling equation is derived as 
 
2
2
( ) 2
 ( ).
p x i
v x
x h
ωρ∂
= −
∂
 (2.3) 
If the BM is assumed to respond only locally, then its complex velocity at position x, v(x), it is 
only determined by the complex pressure difference at the same position, p(x). Assuming that 
the response is linear, it can be characterised by the local BM impedance, ZBM(x) at the driving 
frequency, so that 
 
BM
( )
( ) ,
( )
p x
v x
Z x
= −  (2.4) 
where the minus sign indicates that a positive pressure difference generates a negative BM 
velocity in the sign convention adopted here. 
By substituting equation (2.4) into (2.3), the wave equation for the interaction between the one 
dimensional fluid coupling and local BM dynamics is obtained as 
 
2
2
BM
( ) 2
 ( ) 0.
 ( )
p x i
p x
x h Z x
ωρ∂
− =
∂
 (2.5) 
This second order wave equation has a local solution of the form 
 
( )
0( ) ,
ik x xp x p e−=  (2.6) 
where k(x) is the wavenumber associated with the solution at position x. Differentiating this 
twice with respect to x, and substituting this into equation (2.5), yields the dispersion equation 
for this type of wave as 
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BM
2
( ) ,
 ( )
i
k x
h Z x
ωρ−
= ±  (2.7) 
where the two solutions for k correspond to a forward and reverse going wave. In general the 
effective height, h, may also be a function of position, but this dependence can be incorporated 
into a slightly modified form of ZBM(x) to retain the simple form of equation (2.7). 
For high levels of excitation, the BM behaves almost passively and its impedance may be 
approximated by that of a single degree of freedom system having local mass, stiffness and 
damping, per unit area, equal to m(x), s(x) and r(x), so that  
 BM
( )
( ) ( ) ( ).
s x
Z x i m x r x
i
ω
ω
= + +  (2.8) 
The distribution of the wavenumber in equation (2.7), which in general is complex, will thus 
depend on the distribution of BM mass, stiffness and damping along the cochlea. 
In the example below it is assumed that the BM mass is uniform along the length of the 
cochlea, and equal to m0, but that the stiffness varies such that the local natural frequency of 
the BM in isolation is given by 
 
/
B( ) ,
x l
n x eω ω
−=  (2.9) 
where Bω  is the natural frequency at the base of the cochlea, assumed here to be 2π × 20 kHz, 
and l is the natural frequency length scale, assumed here to be 7 mm. The assumed parameters 
of the cochlea are also listed in Table 2.1. The stiffness is assumed to vary exponentially, to 
give the distribution of natural frequencies in equation (2.9), so that  
 ( ) 2 2 2 /0 B 0( ) .x lns x x m m eω ω −= =  (2.10) 
Also, by assuming a constant damping ratio for the BM, ζ0, the damping per unit area must be 
equal to 
 ( ) /0 0 0 0 B2 ( ) 2 .x lnr x m x m eζ ω ζ ω −= =  (2.11) 
The range of natural frequencies thus extends from 20 kHz at the base to about 150 Hz at the 
apex of the cochlea, which is assumed to have a length of 35 mm, so that the model 
approximates the parameters of the human cochlea. 
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Table 2.1  Assumed parameters of the passive cochlear model. 
Parameter Symbol Assumed value 
Total length 
Natural frequency length scale 
Effective height of fluid chamber 
Natural frequency at base 
BM mass 1D case 
BM mass 3D case 
BM damping ratio 
L 
l 
h 
ωB 
m0 
m0 
ζ0 
35 mm 
7 mm 
4 mm 
2π×20 kHz 
0.3 kg m
−2
 
0.03 kg m
−2
 
0.1 
To provide some insight into the form of the wave it is helpful to consider the limiting case in 
which the damping term in the impedance is negligible compared with the mass and stiffness 
terms. We first assume that the BM is driven below its natural frequency, as it is at positions 
basal to the characteristic place, x0, where the natural frequency is equal to the driving 
frequency, so that the BM is stiffness controlled. The wavenumber in this region is given by 
 
0
2
( ) ,
 ( )
k x x
h s x
ρ
ω< ≈ ±  (2.12) 
which is entirely real, indicating a propagating wave, with phase speed given by 
 
 ( )
( ) ,
2
h s x
c x
ρ
=  (2.13) 
which is about 70 ms
−1
 at the base of the cochlea for the parameters assumed here, with h equal 
to 4 mm, ρ being 103 kg m−3 and the stiffness given by ( )2 0n x mω  with m0 equal to 0.3 kg m−2. 
The wave then slows down as it propagates along the cochlea, since the stiffness decreases 
with position. 
At the characteristic place, ZBM(x) becomes zero if the BM is completely undamped and so 
the wavenumber tends to infinity and the velocity falls to zero. A small amount of damping is 
thus always included in the simulations below to so that the wavenumber always remains 
finite. In which case, assuming that ω is equal to ωn gives 
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 0
1
( ) ,
2
i
k x x
dζ
−
= = ±  (2.14) 
where d is a characteristic distance given by 
 0
 
,
2
h m
d
ρ
=  (2.15) 
and the BM mass, m0, is assumed to be independent of x, as noted above. 
If we now assume that the BM is driven above its natural frequency, as it is at positions apical 
to x0, so that it is mass controlled, then the wavenumber is 
 0( ) .
i
k x x
d
> = ±  (2.16) 
The wavenumber is now purely imaginary, indicating an evanescent wave, having an 
exponential decay length, d, defined above, which is about 0.8 mm for the parameters assumed 
here. 
Figure 2.1 shows the distribution of the real and imaginary parts of the wavenumber along the 
cochlea for a passive BM and 1D fluid coupling, at an excitation frequency of 1 kHz. The 
wavenumber for only the forward going wave, with a negative imaginary part, has been shown, 
since the backwards going wave must just have real and imaginary parts with the opposite sign 
to these, as indicated in equation (2.7). 
The lightly damped case is discussed in Appendix E and is not a realistic model of the true 
cochlea, but clearly shows the sharp transition, discussed above, from a propagating wave, 
having an increasing larger real wavenumber component and hence representing a wave of 
decreasing velocity, to an evanescent behaviour, having an entirely imaginary wavenumber, 
beyond the position at which the natural frequency of the BM is equal to the excitation 
frequency. The case shown in Figure 2.1 has a more realistic value of the damping ratio for the 
passive cochlea, and shows a more gradual transition from a mostly propagating to a mostly 
evanescent behaviour.  
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Figure 2.1  The distribution along the cochlea of the real and imaginary parts of the wavenumber, at an 
excitation frequency of 1 kHz, for the forward going wave due to the interaction between the local passive BM 
dynamics and 1D fluid coupling with a constant damping ratio, ζ0=0.1. 
The WKB method provides a way of predicting the distributions of complex pressure and BM 
velocity along the cochlea from a knowledge of the wavenumber distribution. Using the WKB 
method (Zweig et al. 1976, de Boer and Viergever, 1982), the pressure distribution can be 
written as 
 ( )( ) ,
( )
i xAp x e
k x
φ−=  (2.17) 
where A is the wave amplitude and 
 
0
( ) ( ') ',
x
x k x dxφ = ∫  (2.18) 
is the cumulative phase. 
Since ( )v x  is equal to ( ) ( )BMY x p x− , then if ( )p x  is given by equation (2.17), the general 
WKB approximation for ( )v x  is 
 ( ) ( ) ( )BM ,
( )
i xAv x Y x e
k x
φ−= −  (2.19) 
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where YBM(x) is the mobility of the BM. In this 1D fluid coupling case, then from equation 
(2.7) we can obtain 
 ( )
2
BM
( )
,
2
ik x h
Y x
ωρ
=  (2.20) 
so that ( )v x  is given by 
 3/2 ( )( ) ( ) .
2
i xAhv x k x e
i
φ
ωρ
−=  (2.21) 
The transverse BM velocity, which locally must also be proportional to ( )ik x xe− , is related to the 
longitudinal fluid velocity by equation (2.1) so that 
 ( ) ( )  ( ).v x ik x h u x= −  (2.22) 
At the base of the cochlea the longitudinal fluid velocity must be equal to that of the stapes, us, 
where the difference in area between the stapes and fluid chamber is accounted for in the 
definition of us, so that 
 s(0) (0)  .v ik h u= −  (2.23) 
By setting equation (2.23) equal to equation (2.21) in the case where x is equal to zero, the 
amplitude of the WKB solution to the pressure can be shown to be 
 
( )
s2 ,
0
u
A
k
ωρ
=  (2.24) 
so that  
 ( )
( )
3/2 ( )s ( ) ,
0
i xihuv x k x e
k
φ−−=  (2.25) 
and the BM velocity at the vase is thus 
 ( ) ( ) s s
B 0
2
0 0 .
h
v ihk u i u
m
ω ρ
ω
= − ≈ −  (2.26)(2.27) 
So v(0)/us is proportional to the driving frequency. 
10 
Figure 2.2 shows the distribution of complex BM velocity calculated using the WKB method. 
  
Figure 2.2  The distribution along the cochlea of the magnitude (left) and phase (right) of the BM velocity, at an 
excitation frequency of 1 kHz, calculated using the WKB method for the wave due to the interaction between 
the local, passive, BM dynamics and the 1D fluid coupling with a constant damping ratio, ζ0=0.1. 
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3. Local BM Dynamics and 3D Fluid Coupling 
The fluid pressure due to the BM motion can be divided into two components: one due to the 
far field of the source, involving 1D plane acoustic waves, and one due to the near field, 
involving 3D evanescent higher order modes (Elliott et al., 2011). The 1D fluid coupling is 
described in the spatial domain by equation (2.3) but it is convenient to express the combined 
effect of the far and near field using a wavenumber formulation (Steele and Taber, 1979, de 
Boer and Viergever, 1984, Elliott et al., 2011). The complex pressure difference in a uniform 
cochlea due to a velocity distribution that is spatially varying with a sinusoidal waveform 
having a wavenumber k can be expressed in terms of a fluid coupling impedance as 
 FC( ) ( ) ( ).P k Z k V k=  (3.1) 
In general the fluid coupling impedance for a uniform cochlea can be written (Steele and Taber, 
1979, Elliott et al., 2011) as 
 
2 2
0
FC
1
( ) 2 coth( ) coth( ) ,
2
m
m
m m
A A
Z k i kH m H
k a
ωρ
∞
=
 
= + 
 
∑  (3.2) 
where 
 
2 2
2 2
2
,
m
m
m k
W
π
= +  (3.3) 
and H is the physical height of the fluid chamber. 
For a half sinusoidal velocity distribution, of width B, across the BM, which is a distance of C 
from the edge of the cochlear partition, the constants in equation (3.2) are (Elliott et al., 2011), 
 0
2 2
,
B
A
Wπ
=  (3.4) 
and for m greater than zero 
 
2
2 2 2
2 2 ( )
cos cos .
m
B W m C m C B
A
W W m B W W
π π
π
   +    = +      −      
 (3.5) 
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The variation of ZFC with k can be approximated with various polynomial functions of k. For 
example de Boer (1998) gives both fourth and sixth order polynomial approximations, and the 
former will be considered here. This can be written as 
 
2
FC 2 2
2 1
( ) ,
1
i ak
Z k
k h bk
ωρ  +
=  + 
 (3.6) 
where h is again the effective height of the fluid chamber and a and b are fitted parameters, 
which in this case are a=5.5 ×10
-7
 m
2
 and b=1×10
-8
 m
2
. de Boer (1998) emphasises the need 
for ZFC(k) to be an even function of k in order to obtain consistent solutions for forward and 
going waves. Figure 3.1 shows the exact and approximate values of ZFC(k), together with the 
corresponding spatial pressure distributions when excited at x=10 mm, calculated as in Elliott 
et al. (2011). The approximation is seen to reproduce the main features of the exact 
formulation. In fact, the behaviour of ZFC(k) is important for complex values of k, as 
discussed in Appendix A. 
  
Figure 3.1  The wavenumber distribution of the fluid coupling using the exact expression, equation (3.2) and the 
approximation, in equation (3.6), together with the resulting spatial distributions of the pressure when the 
cochlea is excited at x=10 mm at 1 kHz. 
If the BM responds locally, so that its velocity only depends on the pressure difference at the 
same point, then in a wavenumber analysis its admittance does not depend on wavenumber, so 
we can write 
 
BM
( )
( ) .
P k
V k
Z
−
=  (3.7) 
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Substituting this and equation (3.6) for ZFC(k) into equation (3.1) gives 
 
2
2
BM 2
1
 ( ) 2 ( ),
1
ak
k h Z P k i P k
bk
ωρ
 +
= −  + 
 (3.8) 
so that the dispersion equation can be written as 
 
4 2
BM BM( 2 ) 2 0.bhZ k hZ ai k iωρ ωρ+ + + =  (3.9) 
This is now a quadratic equation in k
2
 and if we write 1/k
2
 as w it becomes 
 2
BM BM
2 2
1 0,
i ia
w w b
hZ hZ
ωρ ωρ 
+ + + = 
 
 (3.10) 
so that 
 
2
BM BM BM
BM
2 2 8
1 1
.
4
ia ia ib
hZ hZ hZ
w
i
hZ
ωρ ωρ ωρ
ωρ
   
− + ± + −   
   =  (3.11) 
If a and b are small compared with hZBM/2iωρ, so that 2iωρ/hZBM is small compared with 1/a 
and 1/b, then the two solutions for w correspond to the wavenumbers 
 
BM
2 1
 or .
i
k
hZ b
ωρ− −
≈ ± ±  (3.12)(3.13) 
The first pair of solutions for the wavenumber, in equation (3.12), corresponds to the slow 
wave in Section 2, generated by the interaction of the far field fluid coupling and the local BM 
dynamics. The second pair, in equation (3.13), corresponds to an evanescent wave with length 
scale b . The definition of ZFC(k) and its approximation, in equations (3.1) and (3.6), can be 
used to derive the equation below relating P(k) and V(k) 
 ( ) ( )2 2 2( ) 1 2 1  ( ).P k k h bk i ak V kωρ+ = +  (3.14) 
If the BM were rigid, so that V(k) is equal to zero, then either P(k) is also zero, or k is zero, 
corresponding to a fast wave of infinite speed in the incompressible fluid, or k is equal to
1/ b− , as above. This evanescent wave can thus exist in the fluid alone, in the absence of any 
14 
flexibility of the BM, and can be interpreted as the evanescent higher order acoustic mode with 
a length scale of b . 
When the wavelength is long, so that we can assume that both ak
2
 and bk
2
 are small compared 
with unity, the approximate fluid coupling impedance, equation (3.6), can be written as 
 ( )FC 20
2
lim 2 .
k
i a b
Z k i
k h h
ωρ
ωρ
→
−
= +  (3.15) 
The first term corresponds to the fluid coupling impedance in the 1D case, as considered in 
Section 2, and the second term corresponds to the added mass due to fluid loading (Neely and 
Kim, 1986; Elliott et al., 2011). For the parameters used here the effective fluid mass, 2ρ(a-
b)/h, is 0.27 kg m
-2
 and in order to keep the total mass governing the BM dynamics consistent 
with that assumed in the 1D fluid case, 0.3 kg m
-2
, the mass of the BM itself has been reduced 
to 0.03 kg m
-2
 in this case. 
The wavenumber distributions of the forward going waves, calculated by solving equation 
(3.9), are shown in Figure 3.2. The forward going waves are defined as these whose 
wavenumbers have negative imaginary components, and thus decay away in the positive x 
direction. A similar approach to that used above was used by de La Rouchefoucauld and Olson 
(2007) to obtain the wavenumber distribution that they used to estimate BM mass and stiffness 
distributions from measured BM velocity frequency responses. Those authors, however, used 
an earlier approximation for ZFC(k) given by de Boer and Viergever (1982), which involved 
odd powers of k and hence was not symmetrical for positive and negative values of k. 
The wavenumber distributions for the first wave in Figure 3.2 are similar to those for the 1D 
fluid coupling, shown in Figure 2.1. The magnitude of the wavenumber for this wave is 
generally much smaller than the imaginary part of that for the second wave shown in Figure 
3.2, indicating that the approximation leading to equations (3.12) and (3.13) is a reasonable 
one. This is confirmed when the magnitude of the imaginary part of the second wave, -10 mm
-1
 
near the base, is compared with the predicted value from equation (3.13) with b equal to 10
-8
 
m
2
,which is also -10 mm
-1
. 
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Figure 3.2  The distribution along the cochlea of the real and imaginary parts of the wavenumber, at an 
excitation frequency of 1 kHz, for the forward going waves due to the interaction between the local passive BM 
dynamics and an approximation to 3D fluid coupling with a constant damping ratio, ζ0=0.1. Also shown, dashed 
lines, is the distribution of wave 1 from the analysis in Section 2. 
The BM velocity distributions corresponding to these wavenumber distributions, calculated 
using the WKB method, are shown in Figure 3.3. The WKB solution for the BM velocity is 
slightly modified in this case, since the wavenumber is no longer given by equation (2.7), as it 
was in Section 2. In this case equation (3.6) governs the ratio of p(x) to v(x), for a given 
wavenumber, and so again assuming a solution of the form of equation (2.17) for p(x), the BM 
velocity distribution is given by 
 
2
3/2 ( )
2
1 ( )
( ) ( ) .
2 1 ( )
i xAh bk xv x k x e
i ak x
φ
ωρ
− +=  + 
 (3.16) 
The calculation of the wave amplitude, A, as a function of the stapes velocity also has to be 
slightly modified in this case, so that 
 
( )
( ) ( )
2
2
2 1 0
.
0 1 0
su ak
A
k bk
ωρ  + =
 + 
 (3.17) 
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(a) The magnitude of the BM velocity of wave 1. (b) The magnitude of the BM velocity of wave 2.
 
(c) The phase of the BM velocity of wave 1. (d) The phase of the BM velocity of wave 2.
Figure 3.3  The distribution along the cochlea, calculated using the WKB method, of the magnitude and phase of 
the BM velocity, at an excitation frequency of 1 kHz, for the wave due to the interaction between the local, 
passive, BM dynamics and the 3D fluid coupling with a constant damping ratio, ζ0=0.1. Also shown, dashed 
lines, is the WKB approximation for wave 1 from the wavenumber distribution calculated using 1D fluid 
coupling. 
The BM velocity distributions for the slow wave are generally similar to those shown in 
Figure 2.2 from the 1D analysis except the peak region, as is expected since their 
wavenumber distributions are similar elsewhere excluding the peak region. The BM 
velocities for the second wave fall off very rapidly, due to the large negative value of the 
imaginary part of its wavenumber, indicating an exponential decay length scale of about 0.1 
mm.  
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4. Longitudinal BM Dynamics and 1D Fluid Coupling 
Longitudinal coupling along the BM is modelled here using an orthotropic plate model (Allen 
and Sondhi, 1979, Steele and Taber, 1979, Liu and White, 2008, Meaud and Grosh, 2010). 
The governing equation for the BM can then be written (Meaud and Grosh, 2010) as 
 
( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( )
2 22
2
2 2 2
2 2 22 2
2 2 2
, ,
, ,
, , ,
4 ,
x xy
s y xy
w x y w x y
p x y m x i r x w x y D D
x x y
w x y w x y w x y
D D D
x y x y y y x
ω ω
  ∂ ∂∂ = − − + − +     ∂ ∂ ∂  
   ∂ ∂ ∂∂ ∂
+ + +       ∂ ∂ ∂ ∂ ∂ ∂ ∂    
 (4.1) 
where ( ),p x y  is the complex pressure distribution acting on the BM, and ( ),w x y  is its 
complex displacement upwards, hence the negative sign as in equation (2.4), which each 
depend on both x and y. The parameters ( )m x  and ( )r x  are the mass per unit area and 
damping per unit area, as in Section 2, xD , xyD  and yD  are the orthotropic bending stiffness 
in the x, xy, and y directions, respectively, and sD  is the torsional rigidity. 
Defining the origin of the y axis along the centre of the BM, we now assume, again following 
Meaud and Grosh (2010), that the BM vibrates as a single mode, such that its modal velocity 
is equal to 
 ( ) ( )
0
2
, sin , for 0 y B,
Bi y
v x w x y dy
B B
ω π
∫= ≤ ≤  (4.2) 
where B is the BM width, taken here as 0.3 mm, and ( )v x  is the complex modal velocity 
(Elliott et al., 2011). 
We also define the modal pressure difference as 
 ( ) ( )
0
2
, sin , for 0 .
B y
p x p x y dy y B
B B
π
∫
 = ≤ ≤ 
 
 (4.3) 
These assumptions, together with the assumption that the longitudinal variation of B and 
those of the orthotropic stiffness properties, apart from Dy, can be neglected (Mead and Grosh, 
2010), then simplifies the governing equation for the BM to  
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( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
2 44 2
4 2
1
2 2 .x xy s y
p x i m x r x v x
v x v x
D D D D v x
i B Bx x
ω
π π
ω
= − +  
 ∂ ∂   − − + +    ∂ ∂     
 (4.4) 
If the longitudinal coupling in the plate is ignored, by setting xD , xyD  and sD  to zero, 
equation (4.4) reduces to that for the locally acting BM dynamics in equation (2.8), with a 
local stiffness, ( )s x , of ( )4/yD Bπ . The variation of ( )s x  with x in equation (2.10) is then 
used to define the longitudinal variation of yD . So that, assuming B is equal to 0.3 mm, yD  
has a value of 3.9 × 10
-7
 N m at the base and 20 mm along the cochlea has a value of 1.3 × 
10
-9
 N m. The values of xD , xyD  and sD  all along the cochlea are initially assumed to be the 
same all along the cochlea and equal to (Meaud and Grosh, 2010) 6.5 × 10
-11
 N m, 3.1 × 10
-11
 
N m, and 4.3 × 10
-11
 N m. The ratio of longitudinal to radial stiffness, Dx/Dy, at the base is 
thus about 1.7 × 10
-4
, and it is about 0.05 when 20 mm along the cochlea, so that in this case 
the longitudinal coupling is weak. 
If the local variation of ( )v x  is proportional to ikxe− , then we can write equation (4.4) as 
 ( ) ( ) ( ) ( ) ( )
2
4 2
0
1
2 2 ,x xy s
s x
P k i m r x D k D D k V k
i i B
π
ω
ω ω
     = − + + + + +     
      
 (4.5) 
where the term in the outer brackets can be defined to be ( )BMZ k , by analogy with equation 
(2.4). The fluid coupling can also be quantified in general by writing  
 ( ) ( ) ( )FC ,P k Z k V k=  (4.6) 
where for 1D fluid coupling, equation (2.3) can be used to show that 
 ( )1FC 2
2
.D
i
Z k
k h
ωρ
=  (4.7) 
In general the dispersion equation can be obtained by equating P(k) due to the BM impedance 
and the fluid coupling impedance, and can thus be written as 
 ( ) ( )BM FC 0.Z k Z k+ =  (4.8) 
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For the passive BM, modelled as an orthotropic plate, and 1D fluid coupling, the dispersion 
equation is thus 
 
( ) 26 4 2
BM
2 2 2
0,
xy sx
D DD i
k k Z k
i i B h
π ωρ
ω ω
+  + + + = 
 
 (4.9) 
where BMZ  is the locally reacting BM impedance, given by equation (2.8), and the mass and 
damping are as in Table 2.1. 
 
Figure 4.1  The distributions of the real and imaginary parts of the wavenumbers, the BM velocity and the BM 
phase along the cochlea, calculated using the WKB method, at an excitation frequency of 1 kHz, for the passive 
cochlear model using an orthotropic plate model for forward going waves with the BM having constant 
orthotropic components and damping ratio, ζ0=0.1. Also shown, dashed lines, is the wavenumber distribution 
for the first wave obtained from the locally reacting BM in Section 2. 
There are thus 6 solutions for the wavenumber, corresponding to 3 waves propagating in each 
direction, whose wavenumbers are shown in Figure 4.1. 
If k is assumed to be small, so that the first two terms in equation (4.9) are small compared 
with the second two terms, then the solution to this dispersion equation is almost the same as 
equation (2.7), for the conventional slow wave. The wavenumber distribution for this wave in 
Figure 4.1 is very similar to that obtained in Section 2. The two additional waves in Figure 
4.1 are presumably due to the interaction between the local BM dynamics and the orthotropic 
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bending stiffness. In fact if we assume that k is large, so that fluid coupling is not important, 
and additionally assume that the torsional stiffness does not play an important role but that 
ZBM is dominated by its stiffness in equation (4.4), then we obtain 
 
( )4 ,
x
s x
k
D
= −  (4.10) 
so that  
 ( ) ( )
1
4
1 .
x
s x
k i
D
 
= ± ±  
 
 (4.11) 
The forward going waves are assumed to be the ones for which the wavenumber has negative 
imaginary components, and so the real part could either be positive, as in the second wave in 
Figure 4.1, or negative, as in the third wave. 
Near the base, the second wave and third waves correspond closely to solutions of this 
equation for large k, with real and imaginary parts that they are either equal or of opposite 
sign and which decrease with x, since Dx is constant and s(x) is decreasing exponentially. The 
cut-off effect that occurs at about 20 mm for the second wave is reminiscent of that of a thin 
plate when simply supported at the edges. It is interesting to note that beyond this point the 
second wave is predicted to propagate with little attenuation.  
Figure 4.1 also shows the WKB reconstruction of the BM velocity distribution assuming that 
each of these waves exist in isolation. The reconstruction of the first wave is similar to that in 
Section 2, as expected. The velocity distributions for the other two waves fall off very rapidly 
with position, because of the large negative imaginary component of the wavenumber at the 
base, although it is not clear why the phase apparently peaks about 5 mm along the cochlea.  
In order to account for the longitudinal variations of these orthotropic stiffness properties, we 
now assume that the values of xD , xyD  and sD  are, like Dy, proportional to 
2 /x le− , where l is 
the natural frequency length scale, 7 mm, and x is the position in the cochlear longitudinal 
direction. By defining
2 /
0
x l
x xD D e
−= , 2 /0
x l
xy xyD D e
−= , 2 /0
x l
y yD D e
−=  and 2 /0
x l
s sD D e
−= , 
equation (4.1) can be written, in this case, as 
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( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( )
2 22
2 2 / 2 /
0 02 2 2
2 2 22 2
2 / 2 / 2 /
0 0 02 2 2
, ,
, ,
, , ,
4 .
x l x l
x xy
x l x l x l
s y xy
w x y w x y
p x y m x i r x w x y D e D e
x x y
w x y w x y w x y
D e D e D e
x y x y y y x
ω ω − −
− − −
  ∂ ∂∂ = − − + − +     ∂ ∂ ∂  
   ∂ ∂ ∂∂ ∂
+ + +       ∂ ∂ ∂ ∂ ∂ ∂ ∂      
 
 (4.12) 
Again, by defining a modal velocity, equation (4.2), and a modal pressure difference, 
equation (4.3), equation (4.12) can be reduced assuming a longitudinal variation proportional 
to ikxe− , 
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Recalling equation (4.8), the dispersion equation is now given by 
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where 0yD  and 0xD , denote values at the base, taken here as 3.9×10
-7
 N m and 1.9×10
-8
 N m, 
so that Dx/Dy is equal to 5 × 10
-2
 all along the cochlea. The parameters xyD  and sD  are now 
defined as  
 
3
, ,
12
xy xy y s xy
h
D D D Gυ≈ =  (4.15)(4.16) 
where xyυ  is the minor Poisson’s ratio and xyG  is the shear modulus. xyD  and sD  are taken 
here as 5.9×10
-9
 N m, and 5.8 × 10
-9
 N m at the base.  
The ratio of longitudinal to radial stiffness, Dx/Dy, determines the extent of the longitudinal 
static deflection on the BM compared with its radial deflection (Liu and White, 2008). 
Although these deflections were measured in cadaverous human BM by Békésy (1960), 
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Voldřich (1978) pointed out that the extent of the longitudinal is significantly smaller in fresh 
preparations. Liu and White (2008) define an orthotropy ratio as Ey/Ex and show that in the 
gerbil this varies from about 60 at the base to about 10 towards the apex, suggesting that a 
reasonable value for Dx/Dy is perhaps 2% at the base and 10% at the apex. This range of 
values is very much less than the range of Dy along the cochlea, which here is about 2×10
4
 , 
to account for the range of natural frequencies. A constant ratio of Dx/Dy thus appears to be a 
reasonable model, and a numerical value of 5% has been chosen for the calculations here. 
Figure 4.2 shows the wavenumber distributions calculated by solving this dispersion equation 
and the corresponding WKB reconstructions of the BM velocity distribution for using 
equation (4.14). The first wave again corresponds to the slow wave and has characteristics 
that are similar to those if the BM is only locally reacting. The two other waves again have 
large negative imaginary wavenumbers near the base, although these are now constant with 
position, suggesting that they are again dependent on an interaction between the different 
components of the bending stiffness, as in equation (4.10), but now these two components 
vary in proportion to each other so that their ratio is constant. The second wave again only 
has a small imaginary component, and hence propagates reasonably well, but very slowly, 
beyond the peak position. 
 
Figure 4.2  The distributions of the real and imaginary parts of the wavenumbers, the BM velocity and the BM 
phase along the cochlea, calculated using the WKB method, at an excitation frequency of 1 kHz, for the passive 
cochlear model using an orthotropic plate model for forward going waves with BM having longitudinally 
varying orthotropic components, such that Dx/Dy=0.05, and damping ratio, ζ0=0.1. 
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5. Finite Element Model 
5.1 Full finite element model 
The detailed behaviour of cochlear models with complicated geometrics can be investigated 
using the finite element method. In this section a finite element representation of the box 
model of the cochlea will be discussed, so that the results are comparable with the analytic 
models described above. The finite element model is illustrated in Figure 5.1 and consists of 
512 longitudinal elements. The cross-section of each element is divided into an 8×4 grid of 
hexahedral fluid elements in each chamber. The excitation is assumed to be symmetric, so 
that the pressure in the lower chamber is the negative of that in the upper chamber and so 
need not be explicitly represented, so that only a single fluid chamber needs to be modelled. 
The partition between the two fluid chambers is rigid apart from the BM, which is 
represented as 4 quadrilateral plate elements. Initially, it is assumed that each plate strip 
vibrates independently across its width, with no mechanical coupling in the longitudinal 
direction. The finite element model is thus a reasonable approximation to a locally reacting 
passive BM dynamics with 3D fluid coupling. The stiffness of the plate elements is varied 
exponentially along the length of the model to match the variation of BM natural frequency 
assumed in the analytic model above.  
 
Figure 5.1  Geometry of the finite element model of the cochlea (left) and elemental grids used on each cross-
section (right). 
The model is driven at the stapes by a velocity source over all the fluid elements of the upper 
chamber. The pressure and BM velocity over the whole model is calculated using the finite 
element method and the modal velocity on the BM (Elliott et al., 2011) is then calculated at 
every longitudinal position. The motion of the plate elements is represented by the vector w , 
so that their dynamics can be written in the matrix form 
 ,+ =Mw Kw Spɺɺ  (5.1) 
R
ou
nd
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in
do
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24 
where M  and K  are the mass and stiffness matrices for the plate, wɺɺ  represents 2 2/ t∂ ∂w , p  
is the vector of pressures in elements of the fluid chamber, which drive the plate via the 
coupling matrix S . Damping is included in the BM by introducing a loss factor to define an 
imaginary component in each element of stiffness matrix, K, adjusted to give a damping ratio 
of 0.1, as used above. The complex stiffness matrix thus becomes K(1+iη), where η is the 
loss factor. We assume that the imaginary term of the complex stiffness matrix is equivalent 
to the damping term, r(x), in the BM impedance as shown in equation (2.8). We can relate the 
loss factor and damping ratio as 
 ( ) ( ) ( ) ,i x s x i r xη ω=  (5.2) 
and combing equation (2.10) and (2.11) gives the expression for the loss factor in terms of the 
damping ratio as 
 ( )
/
0
B
2
,
x le
x
ωζ
η
ω
=  (5.3) 
where ζ0 is BM damping ratio, which is equal to 0.1, used for the analytic models, ω driving 
frequency, l natural frequency length scale, which is 7 mm, and ωB is natural frequency at 
base. 
The plate elements had a mass per unit area of 0.2 kg·m
-2
, which is rather larger than that 
used for the 3D fluid coupling case in Section III, as discussed below. Also shown in the 
figure is the modal BM velocity predicted using the WKB method from the wavenumber 
distribution of the slow wave calculated using the wave finite element analysis, as discussed 
below. 
The dynamic response of the fluid can also be represented in finite element form (Fahy and 
Gardonio, 2007) as 
 ,fρ+ = − +Qp Hp Rw qɺɺ ɺɺ  (5.4) 
where Q  and H  are commonly called the acoustic inertia and stiffness matrices, although, as 
pointed out by Fahy and Gardonio (2007), Q is actually dependent on the compressibility and 
H on the density. The vector q  is proportional to the external volume velocity due to the 
motion of the stapes, fρ  is the fluid density and R denotes how the pressure is driven by the 
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displacement of the plate elements. For the coupled system these two equations can be 
combined to give 
 .
fρ
−         
+ =         
        
M 0 w K S w 0
R Q p 0 H p q
ɺɺ
ɺɺ
 (5.5) 
For single frequency excitation, proportional to i te ω ,  
 
2
2 2
,
f
ω
ω ρ ω
 − −    
=     − −      
K M S w 0
R H Q p q
 (5.6) 
where damping can now be incorporated by using complex elements in the stiffness matrix. 
This equation can also be written in terms of a generalised dynamic stiffness matrix as 
 
11 12
21 22
.
     
=     
    
D D w 0
D D p q
 (5.7) 
The solution of the full finite element method is obtained in the usual way by inversion of the 
dynamic stiffness matrix in equation (5.7), to give the vector of pressures and displacements 
at every node. The modal BM velocity can be obtained from a continuous BM displacement 
distribution, w(x, y), as defined by equation (4.2), as 
 ( ) ( )BM
0
2
, sin .
B
i y
v x w x y dy
B B
ω π
= ∫  (5.8) 
The finite element model provides the BM displacement in discrete form, as elements of the 
vector w, which can be written in terms of the radial BM velocity distributions at each 
longitudinal slice along the cochlea as 
 ( ) ( ) ( )
T
T T T1 2 ,N =  w w w w⋯  (5.9) 
where ( )nw  is the radial BM displacement due to the plate motion at the n-th longitudinal 
element, and N is the number of longitudinal elements, which is 512 in this case. 
The modal BM velocity at the n-th position can then be estimated from the radial BM 
displacement distribution at this position using a discrete approximation to equation (5.8), 
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 ( ) ( )TBM BM2 ,v n i nω= s w  (5.10) 
where 
T
BMs  is the vector of normalised values of the mode shape, sin(πy/B), at the nodal 
locations across the BM. 
The amplitude and phase of the modal BM velocity at 1 kHz is plotted in Figure 5.2, with 
respect to the driving velocity at the stapes. The plate elements had a loss factor that was 
twice the damping ratio used in Section III, and a mass per unit area of 0.2 kg·m
-2
, which is 
rather larger than that used for the 3D fluid coupling case in Section III, as discussed below. 
The results are similar to those predicted from the WKB calculation using the wavenumber 
distribution for the slow wave obtained from the wave finite element method, as described 
below. 
  
Figure 5.2  The magnitude and phase of the modal BM velocity at 1 kHz with a damping ratio of 0.1, calculated 
from the full finite element model (solid lines) and the WKB method equation (2.19) (dashed lines) using the 
wavenumber distribution for the slow wave, wave 1, calculated using the WFE method. 
5.2 Wave finite element model 
One method of identifying the various waves that can propagate in the cochlea is to use the 
wave finite element method (Mace et al., 2005, Duhamel et al., 2006). In this approach a 
finite element model is constructed of the structural and fluid components of the n-th 
elemental segment of a discrete model of the cochlea, as shown in Figure 5.3. This is first 
used to describe all the complex forces f(n), at a given excitation frequency, as a function of 
all the complex longitudinal displacements q(n) multiplied by the corresponding dynamic 
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stiffness. The vector of these velocities and pressures is then partitioned into those on the left 
and right hand side of the n-th segment in the discrete model, so that 
 
( )
( )
( ) ( )
( ) ( )
( )
( )
L LL LR L
R RL RR R
,
n n n n
n n n n
     
=     
     
f D D q
f D D q
 (5.11) 
where the square matrix is the dynamic stiffness matrix. 
 
Figure 5.3  An elemental segment of the cochlea used in the wave finite element, WFE, method showing the 
forces and longitudinal displacement on the left hand and right hand side of this element. The internal structure 
of the cochlea is not shown. 
Any forces and displacements due to internal degrees of freedom in the finite element model 
of the elemental segment can be incorporated into this a generalised definition of the 
elements DLL, DLR, DRL and DRR, as described by Mace et al. (2005). In particular for the 
WFE model of the cochlea with local BM dynamics, the DOFs associated with the BM are 
condensed, since they are only vibrating locally with no longitudinal coupling, so there is no 
force between two adjacent segments. When decomposing the BM velocity into wave 
components, the DOFs associated with the BM need to be recovered from the condensed 
ones. The finite element of a single slice, or segment, at the n-th position along the cochlea, 
which in this case is a single finite element thick, can be written, following equation (5.11), 
as 
 
( ) ( )
( ) ( )
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( ) ( )
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nn n
n n nn
    
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 (5.12) 
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where ( )nq  is now the vector of external volume velocities acting on this segment of the FE 
model. This FE model can then be “condensed” by writing the first of the coupled equations 
in equation (5.12), as 
 ( ) ( ) ( ) ( )111 12 ,n n n n−=w D D p  (5.13) 
so that the second coupled equation can be written as 
 ( ) ( ) ( ) ( ) ( ) ( )122 21 11 12 ,n n n n n n− + = D D D D p q  (5.14) 
where the term in square brackets can be written as a single “condensed” dynamic stiffness 
matrix ( )nDɶ . A similar method can be used to condense any internal degrees of freedom 
within the segment if it is more than one finite element long (Duhamel et al., 2006). 
If the vector of volume velocities and the vector of pressures are now partitioned into 
components of the left and right hand side of the segment, then we can write 
 
( ) ( )
( ) ( )
( )
( )
( )
( )
L LLL LR
R RRL RR
.
n nn n
n nn n
     
=     
    
p qD D
p qD D
ɶ ɶ
ɶ ɶ
 (5.15) 
The terms in equation (5.15) can be re-arranged to express the forces and displacements on 
one side of the segment, at the n-th position in the discrete model, in terms of those on the 
other side, so that 
 
( )
( )
( ) ( )
( )
R L
R L
,
n n
n
n n
   
=   
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p p
T
q q
 (5.16) 
where T(n) is the transfer matrix, defined as 
 ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
1 1
LR LL LR
1 1
RL RR LR LL RR LR
.
n n n
n
n n n n n n
− −
− −
 −
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− + − 
D D D
T
D D D D D D
ɶ ɶ ɶ
ɶ ɶ ɶ ɶ ɶ ɶ
 (5.17) 
The sign convention on the forces on the right hand side of this segment is reversed, so that it 
is in equilibrium with that defined on the left hand side of the adjacent, (n+1)-th, segment. 
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We now assume that a particular distribution of displacements and forces, due to the m-th 
mode, on the right hand side of the element is equal to that on the left hand side of the 
element, apart from a complex constant of proportionality mλ , so that 
 
( )
( )
( )
( )
R L
R L
, ,
.
, ,
m
n m n m
n m n m
λ
   
=   
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p p
q q
 (5.18) 
This distribution would thus propagate as a wave with an unaltered shape along a uniform 
cochlea with a wavenumber, km, determined by 
 ,m
ik
m eλ
− ∆=  (5.19) 
where ∆ is the length of the segment. The right hand side of equation (5.18) must now be equal 
to the right hand side of equation (5.16), and so λm, and the corresponding distribution of of 
pressures and volume velocities, must be an eigenvalue, and the corresponding eigenvector, of 
the transfer matrix for this segment.  
Using the wave finite element method, the wavenumbers are thus obtained directly from the 
eigenvalues of the transfer matrix for the 3D finite element model of the segment, rather than 
eigenvalue problem for a finite element model of a 2D slice of the cochlea being used to 
deduce a polynomial dispersion equation, which then has to be solved to give the 
wavenumber (Fuhrmann et al., 1987; Chadwick et al., 1996; Steele, 1999). This analysis of a 
2D slice is called the semi-analytic finite element method in the engineering literature, which 
dates back to the 1970’s, as discussed by Bartoli et al. (2006) for example, or the spectral 
finite element method (Finnveden, 2004), and has also been extended to deal with fluid-
structural problems, by Nilsson and Finnveden (2008) for example. An advantage of the 
wave finite element method over the semi-analytic finite element method is that the same 3D 
finite element models used to calculate the properties of the segments can also be joined 
together to form the full FE of the whole cochlea, as in Section 5.1. It is also possible to 
analyse segments of finite thickness using the wave finite element. In the context of cochlear 
mechanics, each segment could incorporate finite element models of several layers of hair 
cells. It would be also possible to incorporate asymmetries into the structure, by slanting the 
hair cells in the longitudinal direction, for example. 
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The analysis becomes a little more complicated when the structural parameters of the cochlea 
vary along its length, as considered by Ni et al. (2010). In this case the eigenvector of T(n) in 
equation (5.16) corresponding to a specific type of wave is not exactly the same when passing 
from one segment to the next. If the longitudinal variation is gradual, however, the change in 
the mode shape corresponding to this eigenvector will not be very large from one element to 
the next. By calculating the inner products of the left eigenvectors for one element with the 
right eigenvector for the adjacent element (Ni, 2012), it is then possible to track which 
eigenvalue, and hence which wavenumber, is associated with each mode going along the 
cochlea. Figure 5.4 (a) and (b), for example, shows the variation with longitudinal position of 
the real and imaginary parts of the wavenumber associated with some of the different waves 
that can propagate along the cochlear model at 1 kHz. These waves have negative imaginary 
wavenumbers and are thus forward going waves. The first four have been chosen as the waves 
with the least-negative imaginary component of the wavenumber and the fifth wave has been 
selected because its BM motion corresponds to the second bending mode. The BM velocity 
distribution associated with each of these waves, close to the position with the largest real 
component of the wavenumber is plotted in Figure 5.4 (b).  
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(b) 
Figure 5.4  (a) Wave number distribution of 5 of the forward going waves, calculated using the wave finite 
element model of the cochlea at 1 kHz with a BM damping ratio of 0.1 and (b) The normalised BM velocity in 
the radial direction associated with the 5 selected waves, calculated at the place where the real part of their 
wavenumber is largest. The normalized BM velocity of waves 1 to 5 lie on top of each other and that of wave 5 
shows a second order bending shape. 
Since the finite element model for each of the 512 segments of the cochlea has 8 × 4 
hexahedral elements to describe the fluid motion in each chamber, and 4 quadrilateral 
elements along the BM to describe its radial structural response as a beam, there are thus 9 × 
5 nodes on each face of the fluid chamber slice, each having 1 degree of freedom, and 5 × 1 
nodes on each edge of the BM slice, each having 3 degrees of freedom. The BM elements are 
assumed to be separated from each other in the longitudinal direction, however, so that the 
degrees of freedom associated with the BM elements are all condensed, as described above, 
and the vectors in equation (5.16), for example, have 90 degrees of freedom. There are thus 
90 eigenvalues of the transfer matrix T in equation (5.16) and hence the wavenumbers of 90 
separate waves can be calculated. Only half of these will be forward going waves, however, 
and most of these have wavenumbers with large imaginary components and thus are heavily 
attenuated even a short distance from the excitation position. Only the wave labelled 1 in 
Figure 5.4 (a) has a zero imaginary part to its wavenumber at the base and is thus able to 
propagate any significant distance along the cochlea. These wavenumber distributions, 
together with the results of the full finite element model do not change significantly if 256 or 
1024 longitudinal elements are used instead of 512, indicating that the WFE assumption, that 
kmΔ is small compared with unity, holds and that the system is reasonably well conditioned. 
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The details of the wavenumber distributions in Figure 5.4 are, however, dependent on the 
number of fluid elements used in the cross section. In order to correctly reproduce the near 
field fluid pressure very close to the BM a much denser grid of fluid elements would be 
required than has been used here. The only important property of this near field pressure for 
wave 1, however, is the added mass of the fluid. This is somewhat smaller for the FE grid 
used here than it was for the analytic model in Section II, so that the BM mass was increased 
to account for this effect, as mentioned above. Waves 2 to 4 correspond to higher order fluid 
modes, which have relatively simple cross-sectional mode shapes that can be accurately 
reproduced with the current grid density in the FE model. The most important aspect of these 
waves is the value of the negative part of the wavenumber in the basal region, and this is not 
significantly affected if the number of fluid elements is increased. The relatively coarse grid 
of fluid elements used here thus correctly predicts the important features of the wavenumbers 
in the WFE analysis. 
Wave 1 involves the first radial mode of the BM and has a wavenumber distribution similar 
to that of the slow wave in Section 2. Waves 2, 3, and 4 also involve the first radial mode of 
the BM, but have wavenumber distributions that are similar to the higher order fluid mode in 
Section 3. Wave 5 has been included in Figure 5.4 since it is the first mode with a higher-
order radial distribution of BM velocity, although it has a large negative imaginary 
component to its wavenumber and so is strongly evanescent. 
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Figure 5.5  Pressure distribution in upper fluid chamber corresponding to waves 1, 2 and 3 in Figure 5.4 at 
different position along the cochlea. 
The pressure distributions in the upper fluid chamber corresponding to the eigenvectors of 
waves 1, 2 and 3 at various positions along the cochlea are shown in Figure 5.5. The pressure 
distribution due to wave 1 is almost uniform before the characteristic place, which is about 22 
mm here, but shows a complicated distribution beyond this position. Since the modal BM 
velocity decays very quickly beyond the characteristic place and the magnitude is also small, 
the pressure distributions are not as important as those before. The pressure distribution due 
to wave 2 is very similar to the (0, 1) acoustic mode close to the basal end, but again starts to 
become more complicated close to the characteristic place. It is interesting to see that the 
interaction between the BM and the fluid does not affect wave 2 very much until it reaches 
the characteristic place. The pressure distribution of wave 3 is similar to the (1, 0) acoustic 
mode close to the basal although the interaction with the BM now moves the nodal line away 
from the centre. 
Assuming that it propagates in isolation, the WKB method can be used with the wavenumber 
distribution of the slow wave, to calculate a longitudinal distribution of the BM velocity, 
whose magnitude and phase is shown in Figure 5.2, together with the results of the full finite 
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element method. The results of the full finite element model are thus in reasonable agreement 
with those predicted using only the slow wave labelled wave 1 in Figure 5.4 (a). The less rapid 
fall off in the results of the full finite element model just apical of the peak, compared those 
using the WKB method, has also been noted by Steele and Taber (1979), de Boer and 
Viergever (1982) and Watts (2000). 
5.3 Wave decomposition 
We now consider a more systematic decomposition of the results of the full finite element 
analysis into wave components. We assume that the N × N transfer matrix has a linearly 
independent set of N eigenvectors and express the eigenvalue, eigenvector decomposition of 
the transfer matrix for the n-th segment in the form 
 ( ) ( ) ( ) ( )1 ,n n n n−=T Q Λ Q  (5.20) 
where ( )nΛ  is the diagonal matrix of eigenvalues, so that  
 ( ) ( ) ( ) ( ) ,n n n n=T Q Q Λ  (5.21) 
and  
 ( ) ( ) ( ) ( )1 1 .n n n n− −=Q T Λ Q  (5.22) 
The right eigenvectors of T(n) thus correspond to the columns of Q(n) and the left 
eigenvectors of T(n) correspond to the rows of Q
-1
(n). 
Using equation (5.20), equation (5.16) can also be written as  
 ( ) ( )
( )
( ) ( ) ( )
( )
R L1 1
R L
.
n n
n n n
n n
− −   =   
−   
p p
Q Λ Q
q q
 (5.23) 
Since ( )nΛ  is diagonal, the inner product of each row of Q-1(n), which is a left eigenvector 
of T(n), with the state vectors on the right and left hand side gives an equation of the form 
 ( ) ( ) ( )R L, , ,ma n m n a n mλ=  (5.24) 
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where ( )R ,a n m  and ( )L ,a n m  can be interpreted as the complex amplitudes of the m-th wave 
on the right and left hand side of the n-th segment (Duhamel et al., 2006). The vector of all 
such wave amplitudes, on the right hand side of this segment, for example, can be written as  
 ( ) ( ) ( )
( )
R1
R
R
.
n
n n
n
−  =  
− 
p
a Q
q
 (5.25) 
where the volume velocities can be calculated from the pressures using equation (5.14), and 
so the wave amplitudes in the n-th segment can be expressed entirely as a function of the 
vector of elemental pressures on the face of this segment, calculated from the full finite 
element model. Equation (5.25) has been used to decompose the state vectors at each 
longitudinal element derived from the full finite element model in Section 5.1 into amplitudes 
of the waves determined by the wave finite element method in Section 5.2, with the results 
shown in Figure 5.6. 
  
Figure 5.6  Decomposition of the results of the full FE analysis in terms of some of the wave types calculated 
from the WFE method. 
The state vector due to all of the wave amplitudes can be written, from equation (5.25), as 
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n
n n
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 (5.26) 
so the contribution to the state vector due to the m-th wave on the right hand side of the n-th 
segment can be defined, using equation (5.26), as 
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( )
( )
( ) ( )R R
R
,
, , ,
,
n m
n m a n m
n m
 
= 
− 
p
r
q
 (5.27) 
where ( ),n mr  is the m-th column vector of Q(n) and ( )R ,a n m  is an element of ( )R na  in 
equation (5.26). 
The vector of elemental BM displacements due to the m-th wave, ( )R ,n mw , can then be 
calculated from the vector of elemental pressures using equation (5.13), from which the 
modal BM velocity due to the m-th wave on the right hand side of the n-th segment, 
( )BM ,v n m , can be calculated using a modified form of equation (5.10) as 
 ( ) ( )TBM BM R, 2 , ,v n m i n mω= s w  (5.28) 
where ( )R ,n mw  is the elemental displacement vector associated with the m-th wave on the 
right hand side of the n-th segment and 
T
BMs  is again the vector of normalised values of the 
BM mode shape used in equation (5.10).  
The contributions to the modal BM velocity distributions, due to each of the forward going 
waves selected in Figure 5.4, are plotted in Figure 5.7. The WKB result for wave 1 is seen to 
be in reasonable agreement with the calculated contribution of this wave to the full finite 
element results for positions basal to the peak response at this frequency, at about 20 mm 
along the cochlea in this case. The contribution of wave 1 is significantly less than the overall 
result of the full finite element, however, for positions beyond the peak response, where the 
contribution of wave 2 dominates the overall response. The contribution of wave 2, which is 
an evanescent higher-order fluid mode, decays away on either side of this peak, as does the 
contributions of wave 3, 4 and 5, although the amplitudes of these waves are too small to 
significantly affect the overall response.  
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Figure 5.7  Decomposition of the modal BM velocity into components due to each of the forward going waves 
in Figure 5.4 (a), the WKB reconstruction of the slow wave and the modal BM velocity from the full finite 
element model are also shown. 
As well as being able to calculate the contributions of the forward going waves to the overall 
finite element response, equation (5.27) can also be used to calculate the individual 
contributions of the backward going waves, as shown in Figure 5.8, since their amplitudes are 
also calculated as elements of ( )R na  in equation (5.26). It is interesting to see that there 
apparently is a backward going component to wave 1, which is about 25 dB below the 
amplitude of the forward going component at the peak, but only about 10 dB below the 
forward going component at the base. The phase distribution of the contribution due to this 
negative going wave is almost the same as that of the positive going component, however, 
without the characteristics of a negative going wave, which is suspicious. It is believed that 
these negative going wave amplitudes are spurious, however, and generated by assumptions 
in the normal WFE method about the uniformity of the system, as discussed in Appendix C.  
It is clear that the amplitudes of waves 2, 3 are very much less than wave 1 except near the 
peak. The higher order fluid modes are excited close to the peak response, however, such that 
the contribution of wave 2 to the BM velocity dominates the overall response beyond this 
point. Beyond the peak position, the slow wave decays rapidly, so that the total response is 
somewhat larger than it would otherwise be, as noted by Watts (2000). The decomposed BM 
velocity component due to the slow wave is almost the same as its amplitude calculated using 
the WKB approximation basal to the peak, as shown in Figure 5.2. This suggests that 
although there is some scattering of this wave into the higher order modes, this does not 
significantly affect the propagation of the slow wave. For a locally reacting passive BM, the 
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overall behaviour of the cochlea to excitation of the stapes is thus well approximated by the 
propagation of a single, slow wave. 
  
Figure 5.8  Decomposition of the modal BM velocity into components due to the backward going version of the 
waves in Figure 5.4 (a) calculated using equation (5.27), and the modal BM velocity from the full finite element 
model, although the results should be treated with suspicion, as discussed in Appendix C . 
5.4 Scattering  
If the system under consideration was entirely uniform in the longitudinal direction, the set of 
eigenvalues and eigenvectors for the transfer matrices of each segment would be exactly the 
same. In the cochlea, however, the properties are slowly changing, so that at a given 
frequency, there are gradual changes in the eigenvalues and eigenvectors with position, which 
give rise to the distribution of wavenumbers shown in Figure 5.4. Although in the uniform 
system each wave propagates completely independently, there is the possibility of interaction 
between these waves in the non-uniform system. This interaction can be quantified by 
defining a scattering matrix at the junctions between adjacent segments. 
We first separate the wave amplitudes calculated from equation (5.25) into forward and 
backward going waves, according to whether 1mλ ≤ , forward, or 1mλ > , backward, as 
above, so that, referring to Figure 5.9 (a), the wave amplitudes on the right hand side of the n-
th segment are 
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The corresponding wave amplitudes on the left hand side of the (n+1)-th segment are 
 
( )
( )
( ) ( )
( )
L L1
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1 1
1 .
11
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nn
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−
 +  +
= +   
− ++    
a q
Q
fa
 (5.30) 
At the junction between these two adjacent segments, the nodal pressures and volume 
velocity must be continuous or in equilibrium, so that  
 ( )
( )
( )
( )
( )
( )
R L
R L
1
1 ,
1
n n
n n
n n
+ +
− −
   +
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Q Q
a a
 (5.31) 
and hence 
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 (5.32) 
The matrix of outgoing waves from the junction between the n-th and the (n+1)-th segments 
can now be represented as a scattering matrix, as in Figure 5.9 (b), so that 
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1
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1
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n
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 (5.33) 
where  
 ( ) ( ) ( )
( ) ( )
11 12
21 22
,
n n
n
n n
 
=  
 
S S
S
S S
 (5.34) 
and ( )11 nS  and ( )22 nS  are matrices of transmission coefficients of forward going waves, 
from left to right, and backwards going waves, from right to left, and ( )12 nS  and ( )21 nS  are 
matrices of refection coefficients from backwards going waves on the right to forward going 
waves on the right and forward going waves on the left to backwards going waves on the left. 
If we partition the matrix in equation (5.32) as  
 ( ) ( ) 11 121
21 22
1 ,n n−
 
+ =  
 
M M
Q Q
M M
 (5.35) 
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then the partitioned elements of equation (5.34) can be calculated to show that  
 ( ) ( ) ( )
( ) ( )
1 1
11 12 11 12 22 21 12 22
1 1
21 22 22 21 22
.
n n
n
n n
− −
− −
   −
= =   
−  
S S M M M M M M
S
S S M M M
 (5.36) 
If the n-th and the (n+1)-th segments are identical then ( )1n +Q  is equal to ( )nQ , so that 
equation (5.35) is equal to the N × N identity matrix. Hence 11M  and 22M are equal to the 
N/2 × N/2 identity matrix and 12M  and 21M  have zero elements. In this case, ( )11 nS  and 
( )22 nS  in equation (5.36) are also N/2 × N/2 identity matrix and ( )12 nS  and ( )21 nS  are zero, 
as expected. 
Figure 5.10 shows the magnitude of the elements one column of the scattering matrix in 
equation (5.33) corresponding the scattering from wave 1 in Section 5.2 into other forward 
going waves, above, and the reflection of wave 1 into backwards going waves, below. 
 
Figure 5.9  The junction between the n-th and (n+1)-th segment with the corresponding states and wave 
amplitudes (left), and the definition of the scattering matrix (right). 
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Figure 5.10  The magnitude of the scattering elements at each junction along the cochlea model from mode 1 
into other forward going waves above, and backwards going waves, below. 
Near the base of the cochlea almost all the elements of 11S  and 22S  are close to zero except 
for those corresponding to the transmission coefficient of wave 1, which is about unity, and 
most the elements of 12S  and 21S  are close to zero, as expected in a uniform system. There is 
only significant scattering of wave 1 into the higher order modes at about x ≈ 20 mm, which 
is the origin of the additional wave components in Figure 5.4. Close to the base, however, it 
is predicted that at each junction about 0.5% of the forward going slow wave, wave 1, will be 
scattered into the backward going slow wave. This helps explain the spurious backwards 
going wave seen in Figure 5.8. 
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6. Finite Element Model of the BM with Orthotropic Bending Plate 
Elements 
The governing equation of a bending orthotropic plate, as shown in Figure 6.1, can be 
expressed as (Szilard, 2004) 
 
( ) ( ) ( ) ( )
4 4 4
4 2 2 4
, , ,
2 , ,x y
w x y w x y w x y
D T D p x y
x x y y
∂ ∂ ∂
+ + =
∂ ∂ ∂ ∂
 (6.1) 
where 
( )
3
12 1
x
x
xy yx
E h
D
υ υ
=
−
, 
( )
3
12 1
y
y
xy yx
E h
D
υ υ
=
−
 are the flexural rigidities of the orthotropic 
plate associated with x and y direction, respectively, ( )1 4
2
yx x xy y sT D D Dυ υ= + +  is called 
the effective torsional rigidity of the orthotropic plate where xyυ  and yxυ  are minor and 
major Poisson’s ratios respectively, since yx xyυ υ> , sD  is the torsional rigidity. Based on 
Betti’s reciprocal theorem (Szilard, 2004), which assumes that  
 or .yx x xy y yx x xy yE E D Dυ υ υ υ= =  (6.2) 
Thus 2 2xy y s xy sT D D D Dυ= + ≈ + , where 
3 /12s xyD G h=  represents torsional rigidity, and 
xyG  is the shear modulus and it has been assumed that 0.3yxυ = .  
 
Figure 6.1  Sketch diagram of orthotropic with boundary conditions simply supported at y =0 and y=B. 
The various rigidities are assumed to all vary exponentially, as in the second part of Section 4, 
with values that are taken from this section. 
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In a similar way to the FE analysis described in Section 5, the finite element model for each of 
the 512 slices of the cochlea had 8 × 4 hexahedral elements to describe the fluid motion in each 
chamber and 4 plate elements along the BM to describe its radial structural response as a beam, 
but now with weak mechanical coupling due to orthotropy in the longitudinal direction. The 
cochlea was still assumed to be symmetric so that only one fluid chamber needed to be 
modelled. There are thus 9 × 5 nodes on each face of the fluid chamber slice, each having 1 
degree of freedom, and 5 × 1 nodes on each edge of the BM slice, each having 3 degree of 
freedom which are transverse displacement w , rotations xθ  and yθ . So that the vectors in 
equation (5.16), for example, have 112 degrees of freedom under the assumed boundary 
condition for the BM slice, which is simply supported at both y=0 and y=B, i.e. w=0 and θy=0. 
The dynamic stiffness matrix, as shown in equation (5.11), is not symmetric if both the fluid 
pressure, p, and BM transverse displacement, w, are taken as DOFs, because of the 
incorporation of the coupling term S and R. However, the dynamic stiffness matrix, D, used 
for constructing the transfer matrix, T, in the WFE method does need to be symmetric. In the 
case of BM local dynamics, the DOFs associated with the BM has been condensed and only 
the DOFs associated with the fluid are left, so this unsymmetrical effect is eliminated. When 
longitudinal coupling along the BM is included, the DOFs associated with the BM must be 
retained, and thus the dynamic stiffness matrix needs to be rewritten to a symmetric form. 
Mencik and Ichchou (2007) give such an example in order to rewrite the equation of motion 
of a fluid-structural coupled system in terms of fluid velocity potential, φ , and the BM 
transverse displacement, w, as  
 2 0.
f
i
ρ
ω ω
        
− + + =       −        
M 0 0 S K 0 w
0 Q R 0 0 H φ
 (6.3) 
Then, multiplying the second equation of system (6.3) by fρ−  results in the following 
symmetric system 
 0,=Dq  (6.4) 
where 
 
=  
 
w
q
φ
 stands for DOFs of the system and  
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0 SM 0 K 0
D
0 Q 0 HR 0
ρ
ω ω
ρ ρρ
 (6.5) 
is a symmetric dynamic stiffness matrix (Morand and Ohayon, 1995). 
Figure 6.2 (a) shows the distribution of the real and imaginary parts of the wavenumbers 
associated with some of the different waves propagating along the cochlea, modelled with the 
BM as an orthotropic plate, at 1 kHz. All of the components of stiffness vary with position as 
in equation (4.12), but with parameters Dx0 = 1.9 × 10
-8
 N m, Dy0= 3.9 × 10
-7
 N m and Ds0 = 
5.8 × 10
-9
 N m at the base, so that Dx/Dy=5 × 10
-2
. The damping ratio in this case is arranged 
to be 0.085 in order to continue to show mode conversion in the coupled response. The 
imaginary part of the radial BM velocity distribution associated with each of these waves is 
plotted in Figure 6.2 (b). Forward going waves have again been selected with the smallest 
magnitude of the imaginary part of the wavenumber. There are 112 eigenvalues, for the 
matrix T in equation (5.16) and hence the wavenumbers of 112 separate waves can be 
calculated. Only half of these will be propagating in the forward direction, however, and most 
of these have wavenumbers with large imaginary components at the base and thus are heavily 
attenuated, even a short distance from the excitation position at the stapes. In fact only the 
wave 1 in Figure 6.2 (a) has a zero imaginary part to its wavenumber at the base and can thus 
propagate along the cochlea when excited by the stapes. 
Figure 6.4 (a) and (b) show comparison between magnitude and phase distributions along the 
cochlea calculated from the full FE orthotropic model and WKB method, when using the 
wavenumber for wave 1 predicted by the WFE method with the orthotropic plate. The 
difference between these graphs is rather larger than it was in the case of the locally-reacting 
BM, in Figure 5.2, and will be discussed below.  
The state vectors at each longitudinal element have again been used to decompose the full 
finite element orthotropic model into amplitudes of the waves determined by the wave finite 
element method, with the results shown in Figure 6.5. A modified version of equation (5.25) 
was used for this, in which the plate velocity as well as the fluid velocity was included. The 
decomposition of the modal BM velocity into forward going and backward going components 
is shown in Figure 6.6.  
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Figure 6.8 shows the magnitude of the elements of one column of the scattering matrix in 
equation (5.33) corresponding the scattering from wave 1 in Figure 6.2 (a) into other forward 
going waves, and the reflection of wave 1 into backwards going waves, below. In Figure 6.8, 
S11 represents the transmission coefficient from left to right, S22 represents the transmission 
coefficient from right to left, S21 represents the reflection coefficient on left hand side, S12 
represents the reflection coefficient on right hand side. 
All of the results for the orthotropic plate model of the BM are similar to those in Section 5, for 
locally-reacting BM model. This suggests that longitudinal coupling along the BM does not 
play a dominant role in determining the coupled dynamics of the cochlea, at least for the 
orthotropic parameters assumed here. The real part of the wavenumber for wave 1 in Figure 
6.2 peaks at a position slightly further along the cochlea than in Figure 5.4, for the locally-
reacting BM, perhaps reflecting the increased stiffness of the BM. A similar effect is seen in 
the peak of the calculated BM velocity, which was also observed by Meaud and Grosh (2010) 
in their Fig 2. Also, the imaginary part of the wavenumber for wave 1 in Figure 6.2 does not 
fall to quite such a low value beyond the position of the peak response as for the locally-
reacting BM in Figure 5.4. The WKB solution using this wavenumber distribution, now peaks 
just beyond the peak response predicted from the full FE model. Although the peak levels of 
the higher-order fluid modes are somewhat less than for the locally-reacting BM, the overall 
response is still dominated by wave 2 for positions beyond the peak response. 
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(a) 
 
(b) 
Figure 6.2  (a) Wave number distribution of the forward going waves calculated using the orthotropic WFE 
model of the cochlea at 1 kHz and (b) The normalised BM velocity in the radial direction associated with the 
first 3 of these waves calculated at the place where the real part of their wavenumber is largest. The normalized 
BM velocity of waves 1 to 4 lie on top of each other. 
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Figure 6.3  Each row of pressure distribution in upper fluid chamber corresponding to waves 1, 2 and 3 in 
Figure 6.2 at different position along the cochlea. 
 
Figure 6.4  The amplitude and phase of the modal BM velocity at 1 kHz. 
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Figure 6.5  Decomposition of the results of the full orthotropic FE analysis in terms of some of the wave types 
calculated from the WFE method. 
 
 
  
(a)                                                                (b) 
Figure 6.6  Decomposition of the modal BM velocity into components due to each of the forward going waves 
in Figure 6.2 (a), the WKB reconstruction of the slow wave and the modal BM velocity from the full finite 
element model are also shown. 
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Figure 6.7  Decomposition of the modal BM velocity into components due to the backward-going version of the 
waves those in Figure 6.2 (a), and the modal BM velocity from the full finite element model. 
 
Figure 6.8  The magnitude of the scattering elements at each junction along the cochlea model from mode 1 into 
other forward going waves above, and backwards going waves, below. 
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7. Discrete Model of the Cochlea 
A discrete model of the cochlea is briefly described in this section, which can also be used to 
numerically compute its coupled response. The discrete model is simpler than the full FE 
model, since the fluid coupling and BM dynamics are analysed separately before being 
combined in a coupled matrix solution (Elliott et al., 2011). It is therefore interesting to 
investigate the extent to which this model could be used to test the assumption that only a 
single wave propagates in the cochlea. The BM velocity distribution that is predicted from this 
coupled analysis is compared with the WKB solution for the main forward going wave using 
the analytic wavenumbers discussed in Sections 2 and 3.  
The near field component of the fluid coupling for the discrete model is calculated, as 
described by Elliott et al. (2011), by taking the inverse Fourier transform of the wavenumber 
transfer for the velocity of a single BM element, multiplied by the near field component of the 
fluid coupling impedance in the wavenumber domain. This near field component is defined to 
be the total fluid coupling impedance, ZFC(k), minus that due to far field coupling, ZF(k), so 
that 
 N FC F( ) ( ) ( ),Z k Z k Z k= −  (7.1) 
where 
 F 2
2
( ) .
i
Z k
k h
ωρ
=  (7.2) 
In the present case, where ZFC(k) is assumed to be given by equation (3.6), ZN(k) is given by 
 N 2
2 ( )
( ) ,
(1 )
i a b
Z k
bk h
ωρ −
=
+
 (7.3) 
The results for the 1D model in Figure 7.1 and Figure 7.3 are generally in good agreement, 
apart from an inconsistency in level near the base. The results for the 3D model in Figure 7.2 
are less consistent for reasons that are not clear. 
Appendix B discusses a potential method of decomposing the coupled response from the 
discrete model into wave components, using only the pressure distribution and the known 
wavenumbers. This is significantly less successful than the method described in Section 5, 
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using the WFE method to decompose the full FE results, however, since the mode shapes are 
not used. 
 
(a)                                                                                    (b) 
Figure 7.1  Comparison of the results from the discrete model (solid line) and the WKB reconstruction of the 1D 
model (dashed line) mentioned in the section 2 at 1 kHz with a damping ratio of 0.1. 
  
(a)                                                                                    (b) 
Figure 7.2  Comparison of the results from the discrete model (solid line) and the WKB reconstruction of the 3D 
model (dashed line) mentioned in the section 3 at 1 kHz with a damping ratio of 0.1. 
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(a)                                                                                      (b) 
Figure 7.3  Comparison of the results from the discrete model (solid line) and the WKB reconstruction of the 
longitudinal coupling model (dashed line) from Section 4 at 1 kHz with a damping ratio of 0.1. 
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8. Conclusions 
Our understanding of the cochlea is largely based, either explicitly or implicitly, on the 
assumption that only a single type of wave propagates along its length. The properties of this 
“slow wave” can be calculated from a simple model of the passive cochlea that includes a 
locally-reacting BM and 1D fluid coupling. The most useful description of such a wave, at a 
given frequency, is the distribution of the complex wavenumber along the length of the 
cochlea. The real part of this wavenumber describes the change of phase with distance and 
determines the wave speed. The imaginary part of the wavenumber describes the change of 
amplitude with distance and must be negative for a forward going wave in the passive 
cochlea, since energy can only be dissipated. Assuming that the wavenumber does not change 
too rapidly with position, and that the wave travels without interference from other waves, the 
coupled response of the cochlea can be deduced from the wavenumber distribution using the 
WKB method. 
In general, however, there are many other mechanisms, apart from 1D fluid coupling, that 
give rise to longitudinal coupling in the cochlea, even if this is passive. These include the 
higher order modes associated with 3D fluid coupling and mechanical coupling along the BM. 
Simple models for both of these effects are considered in order to calculate the wavenumber 
distributions of the additional waves that they generate. The wavenumber spectrum derived 
from an approximation to 3D fluid coupling shows that the additional wave in the coupled 
system has similar characteristics to a cut off acoustic mode in a rigid duct, with a 
wavenumber that is largely imaginary. Mechanical coupling along the BM is modelled by 
assuming that it behaves as an orthotropic plate, in which case two additional waves are 
predicted, both of which decay rapidly close to the base, as did the higher order fluid wave. 
Even though these additional waves may exist, it is not clear what role they play in normal 
cochlear function. Of particular interest is the extent to which they are excited when the 
cochlea is driven normally, at the stapes, from the middle ear. 
In general the fully coupled response of the cochlea to middle ear excitation can be calculated 
using a numerical model, such as obtained with the finite element method, although in the 
insight gained from the wave approach is then lost. The wave finite element, WFE, method is 
used here to decompose the results of a full finite element model of the coupled cochlea into 
wave components. The WFE method predicts the properties of as many types of waves as 
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there are degrees of freedom across each cross section of the finite element model. Almost all 
of the forward going components of these waves have large negative imaginary components, 
indicating that they decay away very quickly. Examples of such evanescent waves include the 
higher order fluid modes and also modes associated with more complicated radial 
distributions of BM motion than is associated with the slow wave. A fast wave, with no BM 
motion, is also predicted due to acoustic propagation in the fluid, since this is assumed to 
have a finite compressibility. 
The mode shapes associated with the waves predicted from the WFE analysis can then be 
used to decompose the results of the full finite element model into wave components. In a 
uniform system there would be no coupling between the modes, but due to the distribution of 
parameters along the cochlea, the wavenumbers are functions of longitudinal position and 
one wave is able to excite other types of waves. This is only seen to occur, in the passive 
cochlea model with the locally reacting BM, in the region where the slow wave is rapidly 
decaying. It is believed to be associated with the fact that the rapidly decaying slow wave 
cannot match the boundary conditions. The initial predictions are more complicated if the 
behaviour when the BM is modelled as an orthotropic plate. The dominant contribution of the 
slow wave is still observed on the basal side of the peak response, however. 
Although additional types of wave are thus predicted to exist, in addition to the conventional 
slow wave, in the passive cochlea, they do not appear to play a dominant role in normal, 
passive, cochlear function. The framework produced by the WFE method can also be used 
with more detailed models, of the active cochlea for example, where there are far greater 
opportunities for additional forms of longitudinal coupling to significantly affect the cochlear 
response. 
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Appendix A: Behaviour of the Fluid Coupling Impedances for Complex 
Wavenumbers. 
Although the fluid coupling impedance ZFC(k) is normally plotted only as a function of the 
real values of the wavenumber, k, it is implicitly used in many formulations where k is 
complex, as in Section 3 for example. These are surprisingly few examples of figures 
indicating the behaviour of ZFC(k) with complex k ( for example, de Boer and Viergever, 
1982, although Steele and Taber, 1979, did calculate the complex value of ZFC(k) for real k), 
but these are presented in Figure A. 1 here for completeness. We also compare the response 
of the exact expression equation (3.2) with the approximation in equation (3.6), in Figure A. 
2. In this section we will write the fluid coupling impedance as  
 ( ) ( )FC 2 ,Z k i Q kωρ=  (A.1) 
so that Q(k)/H can be plotted as a dimensionless version of the fluid coupling against kH, the 
non-dimensional wavenumber, where H is the physical height of the fluid chambers, taken 
here to be 1 mm. 
  
Figure A. 1  Real and imaginary parts of the non-dimensional fluid coupling as a function of the real and 
imaginary parts of k, for the exact form of the fluid coupling impedance in equation (3.2). 
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Figure A. 2  Real and imaginary parts of the non-dimensional fluid coupling as a function of the real and 
imaginary parts of k, for the approximate form of the fluid coupling impedance in equation (3.6). 
The variation of the real part of Q with the real part of k is thus similar, both for the exact and 
approximate formulation on this linear scale, as could be inferred from Figure 3.1. The 
differences seem to come when the real part of k is small but k has significant imaginary 
components. This situation occurs just beyond the peak response of the slow wave in the 
cochlea, at about 22 mm in Figure 3.2 for example. It is in this region that one would expect 
multiple higher order modes to contribute to the pressure, even though they are all evanescent, 
and so it is perhaps not surprising that this behaviour is not captured in the approximate form 
of the fluid coupling, which only can describe one of these higher order modes. The dip in the 
value of the real part of Q close to the origin of k in fact occurs when the imaginary part of k 
is slightly negative. 
 
-8 -6 -4 -2 0 0 2
4 6
0
1
2
3
Re(kH) Im(kH)
|R
e
(Q
')
/H
| 
-8 -6 -4 -2 0 0 2
4 6
0
2
4
6
8
10
Re(kH) Im(kH)
|I
m
(Q
')
/H
| 
 59 
Appendix B: Estimating the Wave Amplitudes from One Variable  
This section discusses the estimation of the individual wave amplitudes from a single variable, 
such as an array of modal pressures along the cochlea, calculated using the discrete model for 
example. This method is investigated as an alternative to the WFE decomposition of the results 
of full FE model, since it could be more computationally efficient, but the lack of information 
on the mode shapes severely hinders the ability to decompose the response into individual 
waves. The formulation is a generalisation of that used by Mace and Halkyard (2000) for the 
estimation of structural wave amplitudes from measured sensor signals on a beam. We assume 
that the complex pressure at the n-th location in the discrete model can be described by the 
contributions from M modes and can be written as  
 
/2
1 /2 1
,mn mn
M M
i imn mn
n n
m m Mmn mn
a a
p e e e
k k
φ φ− +
= = +
= + +∑ ∑  (B.1) 
where amn, kmn and φmn is the normalised amplitude, wavenumber and accumulated phase at the 
n-th position, and  
 '
' 1
.
n
mn mn
n
kφ
=
= ∆∑  (B.2) 
The number of modes must be even and the first M/2 correspond to positive going waves and 
the last M/2 to negative going waves, so that kM/2+m is equal to km. It is assumed that the value 
of the wavenumber for each mode has been previously calculated and so both kmn and φmn are 
known quantifies. The variable en denotes the error in the description of the pressure as the 
sum of the M modes. 
The vector of 2L+1 discrete pressures around the n-th position can thus be written as 
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 (B.3) 
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In matrix form this equation can be compactly written as 
  ,n n n n= +p W a e  (B.4) 
where pn is the vector of 2L+1 complex pressures around the n-th position, Wn is the 2L+1 by 
M matrix of accumulated phase shift and square rooted wavenumbers at the relevant positions 
and an is the vector of M mode amplitudes at the n-th position.  
Although it has been assumed above that the 2L+1 pressures are symmetrically distributed 
about the n-th position, the array does not have to be symmetrical about this point or to contain 
an odd number of points. Near the base and apex of the model, for example, there will not be L 
elements on either side of the n-th point and a shifted array could be used here. Similarly, an 
even number of sampling points could be taken to define the pressure vector, p. If that number 
were equal to the number of modes, then W is a square and if the errors are assumed to be 
negligible, the vector of mode amplitudes could be estimated by inverting W and multiplying 
this by p. In the more general case, however, we can use a larger number of pressure locations 
than there are modes, and calculate their amplitudes so that we minimise the sum of squares of 
the errors at each location in the array. This least squares problem can be formulated by 
defining a cost function to be minimised as the normalised sum of the modulus squared errors. 
 
H
H
,n nn
n n
=
e e
J
p p
 (B.5) 
where the superscript ‘H’ denotes Hermitian, or complex conjugate transpose. This cost 
function is minimised if the estimated mode amplitudes are equal to 
 
1
H Hˆ ,n n n n n
−
 =  a W W W p  (B.6) 
If the matrix inverse in this equation becomes ill conditioned it is also possible to minimise a 
generalised cost function that includes a small regularising parameter, β, multiplied by the sum 
of squared estimated mode amplitudes, so that 
 
( )H H
H
.
n n n n
n
n n
β+
=
e e a a
J
p p
 (B.7) 
In which case the estimated mode amplitudes are 
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1
H Hˆ .n n n n nβ
−
 = + a W W I W p  (B.8) 
We initially investigate the estimation of the two modes corresponding to the forward and 
backward waves in the case where the BM behaves locally and the fluid coupling only has far 
field contributions. The BM velocity, and hence the pressure difference, are first calculated at 
all N points in the discrete model at a frequency of 1 kHz, as described in Section 7. The 
variation of the normalised error with the number of points in the array, 2L+1, is first 
investigated by plotting Jn in equation (B.5) against L in Figure B1 for various centre positions 
of the array along the cochlea with β equal to 10
-5
. 
 
Figure B. 1  Variation of the normalised mean square fitting error with the number of points in the estimation 
array when estimating the forward and backward waves at different positions in the discrete simulation of the 
cochlea with local BM dynamics and far field fluid coupling when driven at the stapes. Position n2 corresponds 
to the peak BM velocity for the excitation frequency used, which is 1 kHz, n1 corresponds to a position 64 
elements basal to this location and n3 to a position 64 elements apical to n2. 
The normalised error is initially reduced as the size of the array is increased, except position n2, 
since the errors in the calculation of the individual pressures is averaged out, but then begins to 
gradually increase as the assumptions of the WKB approximation begin to break down. The 
large error at position n2 presumably reflects the fact that the wave amplitude is much smaller 
in this location. An array size of 107 points appears to give a reasonable trade-off between 
these competing effects and Figure B.2 shows the estimated normalised amplitude of the 
forward and backward going wave, a1 and a2, as a function of position along the cochlea 
calculated using an array of this size. 
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Figure B. 2  The estimated magnitudes and phases of the normalised amplitudes of the forward and backward 
going wave. This is calculated using an array of 107 positions shifted along the length of the cochlear using 
pressure data from the discrete model having local BM dynamics and far field fluid coupling excited at a 
frequency of 1 kHz by driving the stapes. 
The array size of 107 points is, however, rather large compared with the 512 elements over 
the whole length of the cochlea. In order to avoid end effects, the wave amplitudes can also 
only be calculated are a restricted range of positions along the cochlea. The assumption 
implicit in equation (B.3), which is that the wave amplitudes are constant, is questionable for 
an array of this length. Even though the results do predict a significantly smaller backward 
going wave than that going forward, as expected, it is unclear whether these results can be 
relied upon and this method was not further pursued.  
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Appendix C: Wave Decomposition from WKB Components 
The spurious backward-going wave components, observed when decomposing the full finite 
element results with the wave properties from the WFE method, can be understood by 
considering the decomposition of the slow wave alone. The slow wave, at longitudinal 
position x, can be characterised by the pressure difference, p(x), and the longitudinal fluid 
particle velocity, u(x), both averaged across the cross-section at this location. In a uniform 
system, the conventional decomposition into estimates of the forward and backward-going 
components, ( )pˆ x+  and ( )pˆ x− , which is carried over into the WFE formulation (Mace, et 
al., 2005, equation (30)) can then be written as a much simplified version of equation (5.25) 
as 
 
( )
( )
( )
( )
1
ˆ 2
,
1ˆ
2
cp x p x
u xp x
c
ρ
ρ
+
−
 
     
=     
        −
  
 (C.1) 
where 2ρc is the characteristic impedance, since there are two fluid chambers, which can also 
be expressed as 2ωρ/k., as obtained from equation (2.3) in a uniform system for which k is 
independent of x.The rows of the matrix in equation (C.1) correspond to the eigenvectors for 
forward and backward going components in the WFE method, which only differ in the sign 
of some of their components. 
If we assume that only a positive going wave is, in fact, propagating and that this obeys the 
WKB approximation, then the total pressure difference is  
 ( ) 0 ,
x
i kdxA
p x e
k
′− ∫=  (C.2) 
where it is understood that k also varies with x. The longitudinal fluid particle velocity in the 
1D case is given by 
 ( ) ( ) .
2
p xi
u x
xωρ
∂
=
∂
 (C.3) 
If the total pressure difference is given by equation (C.2), then the longitudinal velocity is 
equal to  
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 ( ) 021 ,2 2
x
i kdxA k i k
u x e
k xωρ
′−∂  ∫= − ∂ 
 (C.4) 
which can be written as 
 ( ) ( )2
1
1 .
2 2
i k
u x p x
c k xρ
∂ = − ∂ 
 (C.5) 
The ratio of the pressure to the longitudinal velocity, the wave impedance, is thus complex 
for this positive going wave, and the corresponding result for the negative going wave is the 
conjugate of this. These results are in contrast to those for a uniform system, in which case 
the wave impedances for the forward and backward waves would be real and equal. The 
estimate of the forward going wave component, calculated from equation (C.1), can be 
written, in the present case using equation (C.2) and (C.5) as  
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ˆ 2
2
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i kdx
p x p x cu x
i k A
e
k x k
ρ+
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 (C.6) 
If the normal WKB assumption is made, that /k x∂ ∂  is much less that k2, then the estimated 
forward-going wave pressure closely approximates the true forward-going wave pressure, 
given by equation (C.2). 
The estimate of the backward going wave component calculated from equation (C.1), 
however, is given by 
 
( ) ( ) ( )
0
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ˆ 2
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x
i kdx
p x p x cu x
i k A
e
k x k
ρ−
′−
= −  
∂  ∫=  ∂ 
 (C.7) 
The estimated backward going wave is thus predicted to have a phase that falls with x, as if it 
was a forward going wave, as observed in Section 5 and 6. The ratio of the amplitudes of the 
estimated backward going wave pressure, in equation (C.7), to that of the estimated forward-
gong wave pressure, in equation (C.6), is given by 
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 (C.8) 
This ratio is shown in Figure C1, using the wavenumber distribution calculated for the slow 
wave by the WFE method and shown in Figure 5.4 (a). Also shown in this figure is the ratio 
of the decomposed BM velocity for the backward going wave to that of the decomposed BM 
velocity for the forward going wave, as shown in Figure 5.7 and Figure 5.8.  
The predicted ratio of the backward and forward components in equation (C.8) is thus in 
reasonable agreement with that calculated from the results of the WFE method in Section 5 
for the positions along the cochlea where the slow wave is dominant. For more basal 
positions the estimated positive going wave amplitude is very small, so that the results are not 
reliable. 
This analysis suggests that the backward going wave estimated using the decomposition in 
equation (C.1) has significant spurious components in the case considered here, where 
/k x∂ ∂  is only about an order of magnitude less than k2.  
 
Figure C. 1  The amplitude of the estimated backward going wave pressure to that of the estimated forward 
going wave pressure, predicted from equation (C.8), indicated by the solid line, and the ratio of the decomposed 
BM velocity for the backward going wave to that of the decomposed BM velocity for the forward going wave 
for the WFE decomposition shown in Figure 5.7 and Figure 5.8, indicated by the dashed line. 
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The problem with the spurious negative going wave thus appears to be due to the fact that the 
eigenvectors of the transfer matrix do not take the spatial variation of the wavenumbers into 
account. One way in which this variation could be accounted for is by assuming a WKB 
solution for the propagating wave in the definition of the transfer matrix, instead of just a 
uniformly propagating solution. The pressures in the vector p(n) associated with the m-th 
wave are thus assumed to vary spatially as ( ) ( )1/2m mk n n
−
∆   c  and the vector of longitudinal 
velocities, q(n) are assumed to vary as ( ) ( )1/2m mk n n∆   d  where ( )mk n  is the sampled 
distribution of the wavenumber for this wave. The values of cm(n) and dm(n) on the left and 
right hand side of the segment in Figure 5.3 now only represent the phase variation of the 
waves and are related by a modified transfer matrix 
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( )
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R L11 12
R L21 22
,
n n
n n
    
=    
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c cT T
d dT T
ɶ ɶ
ɶ ɶ
 (C.9) 
whose eigenvectors really are now equal to mike− ∆ . 
An apparent problem with this approach is that the wavenumbers must be known before it 
can be calculated. We take an iterative approach here and assume that the eigenvalues of the 
original and modified transfer matrices are sufficiently similar that we can use the 
wavenumbers calculated from the original transfer matrix to define this modified transfer 
matrix. It is found numerically that this assumption is a very good one. 
The elements of the modified transfer matrix can be calculated by noting that equation (5.14), 
for the original transfer matrix, can be written as  
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c cp T T
q T Td d
 (C.10) 
where ( )11 nT , ( )12 nT , ( )21 nT  and ( )22 nT  are the partitioned components of the matrix in 
equation (5.15). 
By expanding out the equations relating cR(n) and dR(n) to cL(n) and dL(n), the terms in the 
modified transfer matrix in equation (C.9) can be identified as  
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 (C.11-C.14) 
where kL(n) is now assumed to be k(n) and kR(n) is assumed to be k(n +1). It is necessary to 
use the wavenumber calculated from the m-th eigenvalue in the definition of the modified 
transfer matrix used to calculate the m-th modified eigenvector, and so the calculation must 
be repeated for each eigenvalue. 
It is found that the eigenvalues of the modified transfer matrix are numerically very similar to 
those of the original transfer matrix with an average error of about 0.09%. The eigenvectors 
of this matrix are subtly different from those of the original transfer matrix, however. If these 
modified eigenvectors are partitioned so that 
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 (C.15) 
the corresponding eigenvector for the original state vector, [p
T
(n) q
T
(n)]
T
, now becomes 
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 (C.16) 
Using these eigenvectors to decompose the results from the full finite element model in 
Section 5 now results in a negative going wave component for wave 1 that is about 120 dB 
below that of the forward going wave at the position of the peak response, as shown in Figure 
C.2. 
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(a)  Forward going wave components 
  
(b)  Backward going wave components 
Figure C. 2  Decomposition of the modal BM velocity into components due to each of the forward going waves 
(a) in Figure 5.4 (a) and corresponding backward going waves, which are calculated using the modified transfer 
matrix above at 1 kHz with a damping ratio of 0.1.  
The very low amplitudes of the backward going wave components calculated using this 
modified method, which is more accurate for non-uniform systems, again suggests that the 
larger amplitudes of these components calculated using the normal WFE method, in Figure 
5.7 for example, are spurious. 
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Appendix D: Viscoelastic Coupling in the Tectorial Membrane 
Although most of this report is concerned with the global interaction between the basilar 
membrane dynamics and the fluid coupling, this appendix is concerned with the interaction 
between the tectorial membrane (TM) and its local surroundings on top of the organ of Corti. 
There has been significant interest recently in longitudinal coupling along the TM due to 
viscoelastic shear waves (Ghaffari et al., 2007, Jones et al., 2011). There is a particular 
concern about the relationship between such wave propagation in isolated preparations of the 
TM and that when the TM is in-situ on top of the organ of Corti, which can be addressed with 
a wavenumber analysis similar to that above.  
The wavenumber analysis used in the former part of this report allows the wave speed and 
decay rate for shear waves on the TM to be calculated under different conditions. We begin 
by assuming that, in general, the complex shear force per unit longitudinal length, ( )f x′ , 
acting at frequency ω  on the TM has a contribution both due to the impedance with respect 
to the rest of the organ of Corti, TMZ , and a component due to its internal shear modulus, G, 
and shear viscosity, η , which are all assumed to be constant along a short length of the TM, 
for now, so that, 
 ( ) ( ) ( ) ( )
2
TM 2
,
s
s
v xA
f x Z v x G i
i x
ωη
ω
∂
′ = − +
∂
 (D.1) 
where ( )sv x  is the complex shear velocity and A is the cross-sectional area of the TM. 
It is assumed that all of the TM moves together in the radial direction, so that wave motion 
only occurs longitudinally, as shown in Figure D.1, with wavenumber k, so that ( )sv x  is 
proportional to ikxe− . The force per unit length can then be written as 
 ( ) ( ) ( )
2
TM .s
k A
f x Z G i v x
i
ωη
ω
 
′ = + + 
 
 (D.2) 
If no external force is applied, the wavenumber of the free wave motion must then be given 
by 
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( )
1
2
TM .
i Z
k
A G i
ω
ωη
 −
=  
+ 
 (D.3) 
 
Figure D. 1  The force per unit length f ′  acting on the TM in the shear direction and producing a shear velocity 
of sv . 
The simplest condition to consider is when the TM is isolated from the organ of Corti, and 
TMZ  is dominated by the mass per unit length of the TM. TMZ  is then equal to i Aωρ  where 
ρ  is the density of the TM, and so the wavenumber becomes 
 
1
2 2
.k
G i
ω ρ
ωη
 
=  
+ 
 (D.4) 
If the complex wavenumber is expressed as  
 ,k i
c
ω
α= −  (D.5) 
where c is the wave speed and α is the decay rate then 
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( )
( )
1
2
2 2 2
1
2 2 2 2
2
,
G
c
G G
ω η
ρ ω η
 
 
+ 
=    + +     
 (D.6) 
and 
 
( )
( )
1
1 2
2 2 2 2 2
2 2 2
.
2
G G
G
ω ρ ω η
α
ω η
  
 + − 
   =  
+ 
 
 
 (D.7) 
These results use an analysis of the square root of a complex number R + iX, which can be 
written as ie φΠ , so that its square root, which is equal to /2ie φΠ , may be written as G + iY. 
The real part of the square root is then 
 ( ) ( )
1 cos
cos / 2 .
2
G
φ
φ
+
= Π = ± Π  (D.8) 
Since ( )1/22 2R XΠ = +  and cos /Rφ = Π , this can be written as 
 .
2
R
G
Π+
=  (D.9) 
Similarly the imaginary part of the square root is  
 ( ) ( )
1 cos
sin / 2 .
2
Y
φ
φ
−
= Π = ± Π  (D.10) 
So that 
 .
2
R
Y
Π−
=  (D.11) 
If the wave speed and decay rate were both measured at a given frequency, ω, then the 
complex wavenumber at that frequency, k(ω), could be calculated using equation (D.5). It 
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would then be possible to calculate the shear modulus and shear viscosity at this frequency, 
G(ω) and η(ω), since, from equation (D.4) 
 ( ) ( )
( )
2
2
.G i
k
ω ρ
ω ωη ω
ω
+ =  (D.12) 
The longitudinal distributions of the modulus, phase, real and imaginary parts of the complex 
velocity ( )sv x , proportional to ikxe− , are plotted for the forward going wave at 10 kHz in 
Figure D.2, where the numerical values of the parameters are taken from Meaud and Grosh 
(2010) for a guinea pig as ρ=1200 kg m
-3
, G= 0.5 kPa, η= 0.05 Pa s.  
 
Figure D. 2  The predicted and real and imaginary parts of the shear velocity distribution along the TM in 
isolation at 10 kHz. 
We now assume that the TM is immersed in a viscous fluid, as in the experiments of Ghaffari 
(2007, 2010) and Jones (2011). The shearing motion then generates a viscous boundary layer 
in the fluid on either side of the TM, as illustrated in Figure D.3 (a). The complex fluid shear 
velocity a distance of y from one surface is approximately (Lamb, 1925) 
 ( ) ( )1 / 2 ,i yf sv y v e
δ− +=  (D.13) 
where the boundary layer thickness, δ , is  
 
1
2
,
f
µ
δ
ωρ
 
=   
 
 (D.14) 
where µ  is the coefficient of viscosity in the fluid assumed here to be 7 × 10-4 kg m-1 s-1 and 
fρ  the fluid density assumed to be equal to that of the TM, ρ , at 1.2 × 10
3
 m
-3
.  
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Figure D. 3  Shearing motion of the tectorial membrane, TM, in the radial direction (a) when measured in a 
large fluid volume, with viscous boundary layers on either side, and (b) when measured in-situ with a stiffness 
due to the limbus and OHC stereocilia and fluid in the subtectorial space between the TM and reticular lamina, 
RL.  
The shear force per unit length is given by 
 ( ) TM
0
,
f
y
v
f y W
y
µ
=
∂
′ = −
∂
 (D.15) 
where WTM is the width of the TM. On the TM surface, where y is equal to zero, this force is 
 
( ) TM1 .
2
sv i Wf
µ
δ
+
′ =  (D.16) 
Using the definition of δ , we can write µ  as 2 fδ ωρ , so that 
 TM
1
.
2
f s
i
f W vδωρ
+ ′ =  
 
 (D.17) 
The term in brackets can be written as l li M Rω +  where lM  and lR  are the mass and 
resistance per unit length due to the viscous boundary layer on one side of the TM, so that for 
the arrangement in Figure D.3 (a), with the viscous boundary layer on both sides, the total 
added mass and damping per unit length are 
 2 TM 2 TM2 2 , 2 2 .l l f l l fM M W R R Wρ δ ωρ δ= = = =  (D.18)(D.19) 
Figure D.4 shows the longitudinal distribution of the shear velocity if this is accounted for in 
TMZ  in equation (D.3), so that 
 ( )TM TM TM TM2 2 ,f fZ i W T Wωρ δ ωρ δ= + +  (D.20) 
TMf ´ vs TM
f ´ vs
(a) (b)
WTM
TMf ´ vs TM
f ´ vs
(a) (b)
WTM
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with TMW  assumed to be 100 µm, and A equal to TM TMW T  where TMT  is the TM thickness, 
which is assumed to be 30 µm, again for a guinea pig. 
 
Figure D. 4  Longitudinal distribution of TM shear velocity at 10 kHz when the effects of the viscous boundary 
layer are accounted for. 
When the TM is in-situ on top of the RL, there is an additional stiffness term due to both the 
limbus and the OHC stereocillia. The resistance is also increased by the constriction of fluid 
flow within the subtectorial space. The thickness of this space, d, is typically 1 µm and thus 
small compared with the boundary layer thickness, which is about 10 µm at 1 kHz, if the 
coefficient of viscosity in the fluid, µ, is 7×10
-4
 kg m
-1
 s
-1
. 
The velocity distribution across the sub-tectorial gap is then approximately 
 ( ) 1 .f s
y
v y v
d
 = − 
 
 (D.21) 
So that the force per unit longitudinal length on the surface of the TM is given from equation 
(D.15), as 
 TM ,s
W
f v
d
µ′ =  (D.22) 
so that the damping force is somewhat larger than in equation (D.16), since d is small 
compared with δ  in this case. The overall TM impedance in this case is thus 
 stTMTM ,
sW
Z i A
d i
µ
ωρ
ω
= + +  (D.23) 
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where the mass is contributed by the TM itself, the damping is due to the fluid viscosity in 
the sub-tectorial gap and the stiffness is assumed to be due to the limbus and stereocilia, 
which together have a stiffness per unit length of sts . 
Taking d to be 1 µm and sts  to be 3 ×10
3
 N m
-2
, for an average value from Strelioff and Flock 
(1984), the wavenumber can thus be calculated using equations (D.3) and (D.22). The 
longitudinal distributions of the real and imaginary parts of ( )sv x , which are proportional to 
ikxe− , are plotted in Figure D.5. 
 
Figure D. 5  Longitudinal distribution of TM shear velocity at 10 kHz when the TM is in-situ with the sub-
tectorial gap and stereocilia. 
Figure D.6 shows the variation of the real and imaginary pars of the wavenumber, the wave 
speed, c, and decay rate, α, as a function of frequency, for the TM in isolation, when 
suspended in a fluid with viscosity η, and where in-situ with the sub-tectorial gap and 
stereocilia. 
For the TM in isolation, G is greater than ωη for frequencies below about 1.6 kHz for the 
parameters assumed here, so that the wavenumber in equation (D.4) is directly proportional 
to ω and almost real. Well above 1.6 kHz, the wavenumber becomes equal to ( )1/2/iωρ η− , 
and thus has almost equal real and negative imaginary parts. 
The wave speed and decay rate are not significantly affected by the viscous fluid loading with 
these assumed parameters, since the boundary layer thickness in equation (D.13), which is 
about 3 µm at 10 kHz, is small compared with the assumed TM thickness of 30 µm. The 
effect of the viscous boundary layer would be more pronounced for a mouse TM (Ghaffari et 
al., 2007, Jones et al., 2011) for which the thickness is more typically 10 µm. The wave 
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speed and decay rate are more significantly affected by the attachment stiffness in-situ, 
however, since this generates a resonance with the TM mass at about 5 kHz. 
 
Figure D. 6  Variations of the wave speed, c, and decay rate, α, as a function of frequency, for the TM in 
isolation, where suspended in a fluid with viscosity η, and where in-situ with the sub-tectorial gap and 
stereocilia. 
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Appendix E: Effects of damping on waves in the cochlea 
E.1 Local BM dynamics 
 
Figure E. 1  The distribution along the cochlea of the real and imaginary parts of the wavenumber, at an 
excitation frequency of 1 kHz, for the forward going wave due to the interaction between the local passive BM 
dynamics and 1D fluid coupling with damping ratio from 0.05 to 0.2. 
  
Figure E. 2  The distribution along the cochlea of the magnitude and phase of the BM velocity, at an excitation 
frequency of 1 kHz, calculated using the WKB method for the wave due to the interaction between the local, 
passive, BM dynamics and the 1D fluid coupling with damping ratio from 0.05 to 0.2.  
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(a)                                                                     (b) 
Figure E. 3  The distribution along the cochlea of the real and imaginary parts of the wavenumber, at an 
excitation frequency of 1 kHz, for the forward going waves due to the interaction between the local passive BM 
dynamics and an approximation to 3D fluid coupling with damping ratio from 0.05 to 0.2. (a) wave 1 and (b) 
wave 2. 
  
Figure E. 4  The distribution along the cochlea of the magnitude and phase of the BM velocity of wave 1, at an 
excitation frequency of 1 kHz, calculated using the WKB method for the wave due to the interaction between 
the local, passive, BM dynamics and the 3D fluid coupling with damping ratio from 0.05 to 0.2.  
The apparent jump in the wavenumber distribution of wave 2 at about 21 mm for the lightly 
damped case is, on closer inspection, actually a smooth transition. The two waves remain 
distinct as the damping ratio is reduced from 0.2 to 0.02, with wave 1 always having the less 
negative imaginary components beyond this transition point. 
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E.2 Longitudinal BM dynamics 
 
Figure E. 5  The distributions of the real and imaginary parts of the wavenumbers, the BM velocity and the BM 
phase along the cochlea, calculated using the WKB method, at an excitation frequency of 1 kHz, for the passive 
cochlear model using an orthotropic plate model for forward going waves with BM having longitudinally 
varying orthotropic components, such that Dx/Dy=0.05, and damping ratio from 0.05 to 0.2. 
E.3 WFE model 
It is also interesting to investigate how the wavenumber distributions calculated using the WFE 
method change with the BM damping. Figure E.6 shows polar plots of the distributions of the 
real and imaginary parts of the wavenumbers for a damping ratio of 0.2, 0.14 and 0.1. What is 
striking about the results, when the damping ratio is 0.2, is the way that the imaginary part of 
wave 1 does not have the very significant dip after the characteristic place, as it does when the 
damping ratio was 0.1, as also seen in Figure 5.4, but now remains less negative than the 
imaginary parts of waves 2, 3 and 4, as seen in the analytic model in Section 2. This difference 
in the behaviour of the wavenumbers is important, since without it the difference between the 
numerical results and the WKB method remarked on above does not occur. In fact Watts (2000) 
shows a similar transition in the structure of the wavenumber distributions in his Figure 4. In 
his model example the damping factor of the BM, β, is assumed to be independent of 
frequency and position, so that the damping ratio decreases as either the excitation frequency 
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or the natural frequency get larger. Thus Watts’ results at an excitation frequency of 400 Hz 
correspond to a damping ratio of about 1.32 at the characteristic place for this frequency and 
his results at an excitation frequency of 800 Hz correspond to a damping ratio of about 0.66 at 
the characteristic place for that frequency. 
It can be seen that similar transition of the behaviour of wave 1, which Watts calls the 
travelling wave mode, is seen to that seen in his Figure 4, with the loop corresponding to wave 
2, which Watts calls the cut-off mode occurring at more negative imaginary wavenumbers for 
a damping ratio of greater than about 0.14 in the WFE model, and less negative imaginary 
wavenumbers for damping ratios of less than this value.  
 
Figure E. 6  Polar plots of the locus of the real and imaginary parts of the wavenumber for wave 1 to wave 4 as 
the position along the cochlea increases, as shown by the arrows, calculated using the WFE model for damping 
ratios of (a) 0.2, (b) 0.14, (c) 0.1. 
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Appendix F: Effects of mesh density 
F.1 The effects of mesh density on the results of the full FE model 
 
Figure F. 1  The amplitude and phase of the modal BM velocity at 1 kHz with a damping ratio of 0.1, calculated 
from the full finite element model having a mesh density of 512×8×4 (solid lines), 512×8×8 (dashed lines) and 
512×8×16 (dotted lines). 
F.2 The effects of mesh density on wavenumbers predicted using the WFE method  
  
(a) Wavenumber distribution with a mesh of 512*8*4. 
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(b) Wavenumber distribution with a mesh of 512*8*8 
  
(c) Wavenumber distribution with a mesh of 512*8*16 
Figure F. 2  Wavenumber distribution of 5 of the forward going waves, calculated using the wave finite element 
model of the cochlea at 1 kHz with a BM damping ratio of 0.1 with different mesh density of (a) 512×8×4, (b) 
512×8×8 and (c) 512×8×16. 
It is interesting that the peak value of Re(k) changes from about 3 to 6 mm
-1
 but the peak vBM 
hardly changes at all when the mesh density is increased. This is in contrast to the variation of 
wavenumber and BM velocity with damping ratio for the 1D analytic case in Figures E1 and 
E2, although the increase in BM velocity is less for the approximate 3D case in Figures E3 
and E4. 
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(a) Wavenumber distribution with a mesh of 512*8*4. 
 
(b) Wavenumber distribution with a mesh of 512*8*8 
  
(c) Wavenumber distribution with a mesh of 512*8*16 
Figure F. 3  Decomposition of the modal BM velocity into components due to each of the forward going waves 
in Figure F.2 (a) at 1 kHz with a BM damping ratio of 0.1 with different mesh density of (a) 512×8×4, (b) 
512×8×8 and (c) 512×8×16. 
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